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THEORY OF THE THREE-DIMENSIONAL STRESS STATE I N  A 
PLATE WITH A HOLE 

I J. B. Alblas 

For the  s p e c i a l  cases of s t r e t c h i n g  and bending of an 
i n f i n i t e  p l a t e  with a c i r c u l a r  c y l i n d r i c a l  ho le ,  a rigorous 
ana lys i s  i s  developed i n  t h i s  t h e s i s .  The method of i n v e s t i -  
ga t ion  i s  based on t h e  use of complex e igenfunct ions ,  whose 
genera l  theory w a s  developed some years  ago by Green (Ref. 5 ) .  
It is  the  purpose of t h i s  i nves t iga t ion  t o  examine the e f f e c t  
of t he  p la te - th ickness  on t h e  s t r e s s  d i s t r i b u t i o n  and t o  
d iscuss  t h e  e r r o r s  due t o  t h e  approximate cha rac t e r  of 
cu r ren t  two-dimensional theories .  

INTRODUCTION AND SUMMARY L- / I X *  

I n  t h e  c l a s s i c a l  theory of e l a s t i c i t y ,  i t  is customary t o  d i scuss  t h e  
' problems p e r t a i n i n g  t o  p l a t e s  loaded i n ,  o r  perpendicular  t o ,  t h e i r  p lane  on ; 

t h e  b a s i s  of a two-dimensional theory. For t h i s  purpose, t h e  genera l  three- i 
dimensional equations -- f o r  which the re  i s  only a s m a l l  number of p a r t i c u l a r  
cases f o r  which an exact s o l u t i o n  is  known -- are replaced by a system i n  

7 i which t h e  unknowns only depend on t h e  poordinates along t h e  su r face  of t h e  1 p l a t e .  
:--3 --d-*m- he--! 

On t h e  basis  of this s impl i f i cg t ion ,  c e r t a i n  assumptions are postu- i 

t a i n a t e  i n ' t h e  n o m i s  f 
a f a c t  t h a t  t h e  approximate n a t u r e  of the two-dimensional s o l u t i o n  i s  no t  al- 
ways r e a l i z e d  i n  the  l i t e r a t u r e  when discussing problems of stress i n  p l a t e s  
of a r b i t r a r y  thickness.  For t h i s  reason, one of t h e  purposes of t h i s  r e p o r t  
is t o  submit t h e  customary computational methods t o  a c r i t i c a l  i n v e s t i g a t i o n ,  
and t o  provide  an evalua t ion  of t h e  mistakes which r e s u l t  from t h e  assumptions 
employed. 

I n  o rde r  t o  arrive a t  q u a n t i t a t i v e  r e s u l t s ,  a few s p e c i a l  p l a t e  problems 
w i l l  be d iscussed  which a r e  r e l a t e d  t o  t r a c t i o n  and f l exure  of cy l ind r i ca l ly -  
pe r fo ra t ed  i s o t r o p i c  p l a t e s .  It w i l l  b e  assumed t h a t  t h e  inf luence  of t h e  
th ickness  of t hese  p l a t e s  on t h e  stress d i s t r i b u t i o n  is  not known. I n  order  
t o  s i m p l i f y  the c a l c u l a t i o n s ,  it w i l l  be assumed t h a t  the p l a t e s  are i n f i n i t e -  
l y  extended and s t r e s s e d  along t h e  edges. 

The pe r fo ra t ed  p l a t e ,  which is  loaded i n  tens ion ,  has a l ready  been inves- 
t igated sc-veral times. Kirsch ( R k f ;  w a s  t h e  f i r s t  one t o  c a l c u l a t e  t h e  
i n f l u e n c e  of a s m a l l  c i r c u l a r  ho le  on the  stress d i s t r i b u t i o n  i n  a very t h i n  
o r  a very  t h i c k  p l a t e .  . The s o l u t i o n  given by Kirsch, which i s  of important 

1 .  

' i- 
, * Numbers i n  t h e  margin i n d i c a t e  pagination i n  t h e  o r i g i n a l  fo re ign  tex t .  
* 

Numbers between the  parentheses r e f e r  t o  t h e  l i t e r a t u r e  on page 91. 
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h i s t o r i c a l  s ign i f i cance ,  desc r ibes  the  stress d i s t r i b u t i o n  i n  t h e  p l a t e  as a 
plane s t a t e  of deformation. The theory of t h e  genera l  s ta te  of p lane-s t ress  
w a s  given by Si lon  (Ref. 2) a few yea r s  later.  (Also see (Ref. 3 ) ,  5 94 and 
146). Reissner (Ref. 9) has given an approximate theory f o r  t h e  dev ia t ions  
e x i s t i n g  between t h e  state of stress occurring i n  r e a l i t y ,  and the  stresses /x 
which are found, on t h e  b a s i s  of t h e  
stress. Reissner i n d i c a t e s  t h e  p o i n t s  a t  which t h e  co r rec t ions  t o  the  classi- 
c a l  va lues  may become s i g n i f i c a n t ,  bu t  he does not  provide numerical r e s u l t s .  

theory of genera l ized  p lane-s ta te  of 

Green (Ref. 4) w a s  t he  f i r s t  author t o  po in t  out t h e  necess i ty  of t e s t i n g  
t h e  accuracy provided by t h e  theory of the genera l ized  p lane  state of stress 
as opposed t o  t h e  exac t  s o l u t i o n  of t h e  three-dimensional problem. For t h i s  
purpose, he has developed a theory f o r  the p l a t e  of f i n i t e  th ickness  wi th  cir- 
cu la r - cy l ind r i ca l  pe r fo ra t ions  which is  loaded i n  tens ion .  
which t h e  th ickness  of t he  p l a t e  equals t h e  diameter of t h e  hole ,  t he  formu- 
las have been worked out  numerically. As a r e s u l t  of t h i s  process,  he a r r i v e d  
a t  two important conclusions -- namely, t h a t  t h e  average va lue  of t h e  concen- 
t r a t i o n  of tens ion  at t h e  ho le ,  according t o  t h e  three-dimensional theory,  is 

p lane  stress. 
i n  t h e  immediate proximity of a border  plane dev ia t e s  r a t h e r  considerably from! 
t h e  average value over t h e  th ickness .  One disadvantage inhe ren t  t o  t h e  method 
advanced by Green, as he developed i n  (Ref. 4 ) ,  is t h e  f a c t  t h a t  t h i s  method 

For t h e  case i n  

, i n  good accord wi th  t h e  s i m i l a r  value grovided by t h e  genera l ized  theory of 
*= However, as might be  expected, t h e  va lue  of a stress component 

! r e s u l t s  i n  a system of equationa whose jcoef f ic ien ts  cannot be  r e a d i l y  estab- 
! l i shed .  As a r e su l t  of t h i s ,  t he  extehsion t o  o t h e r  r a t i o s  of t h e  th ickness  
~-lZTl%K h o m E i i Z e r  becomes dirt i c u I C + F o r * t h Z S  reason, Green n a m  a 
. later p u b l i c a t i o n  (Ref. S ) ,  pointed out another method by m e a n s  of which 

! 
- _v_y__z 

numerical r e s u l t s  can be obtained more r ead i ly .  
opment toward complex e igen  func t ions  f o r  genera1,three-dimensional p l a t e  
problems, and it  provides t h e  b a s i s  of t he  method of e igen  func t ions  t o  be 
developed i n  t h i s  r epor t .  

This method p resen t s  a devel- 

Themethodswhich have been developed by Green have one disadvantage i n  
t h e  f a c t  t h a t  t h e  convergence of t h e  occurring series becomes worse when t h e  

of stress, which may be applied t o  a l l  th icknesses ,  has  been developed by 
Sternberg and Sadowsky (Ref. 6 ) .  They approached t h e  problem wi th  t h e  a i d  of 
stress func t ions  which s a t i s f y  t h e  equilibrium condi t ions  and t h e  boundary 
cond i t ions ,  and employ the  method of Ritz.  Thei r  r e s u l t s p r o v i d e  adequate 
q u a l i t a t i v e  i n s i g h t ,  bu t  they are not  always q u a n t i t a t i v e l y  c o r r e c t  due t o  

j t h e  computational method which i s  employed. 

. t h i ckness  is  increased. A method f o r  ca l cu la t ing  t h e  three-dimensional states 

The f i r s t  c a l c u l a t i o n s  performed. f o r  t h e  pe r fo ra t ed  plate Loaded I n  
f l e x u r e  w e r e  performed by Bickley (Ref, 7) and Goodier (Ref. 8 ) .  Bickley / X I  
s t a r t e d  w i t h t h e g e n e r a l i z e d  s ta te  of plane stress, and obtained t h e  s o l u t i o n  
which i s  c a l l e d  an"e1ementary" s o l u t i o n  i n  t h i s  r epor t .  
cons t an t s  which have t o  be  e s t ab l i shed  by means of t h e  two boundary condi t ions  
g iven  by Kirchhoff. 
ence of e l l i p t i c  ho les  is  a l s o  discussed. 
work of Bickley with regard t o  t h e  c i r c u l a r  hole.  Reissner  (Ref. 10) has 
developed a more genera l  theory f o r  the f l e x u r e  of t h i n  p l a t e s ,  wi th  which 

H e  determines t h e  

The work of Goodier i s  more genera l ,  because t h e  i n f l u -  
However, i t  does n o t  surpass  t h e  

2 



t h r e e  boundary conditions can be f u l f i l l e d  on a boundary. I n  t h i s  theory,  
which expands upon t h e  r e p o r t  (Ref. 9) of Reissner,  a simple dependence on 
t h e  thickness-coordinate i s  used f o r  t h e  stresses. 
p r i n c i p l e  is  employed f o r  t h e  deduction of t he  fundamental equations.  
n e r  has  applied h i s  theory t o  the  f l exure  of a c i r cu la r ly -pe r fo ra t ed  p l a t e .  
H e  f i n d s  devia t ions  from the  c l a s s i c a l  theory which are important. 
pub l i ca t ion  (Ref. 5 ) ,  Green has c l a r i f i e d  t h e  connection between the  theory of 
Reissner  and t h e  p r e c i s e  theory. In  Chapter 111, w e  s h a l l  d i scuss  t h i s  matter 
i n  g r e a t e r  d e t a i l .  

I n  add i t ion ,  a v a r i a t i o n a l  
Reiss- 

I n  h i s  

When one app l i e s  t h e  experimental method f o r  determining t h e  r e s i d u a l  
stresses advanced by Mathar (Ref. 11) and Soete (Ref. 12, 13, 141, a number of 
i n c o r r e c t  elements is introduced. 
ploying t h e  formulas of t h e  theory of plane-stress.  
(Ref. 15, 16).1 
it  is  d e s i r a b l e  t o  e s t a b l i s h  t h e  inf luence  of t h e  p l a t e  th ickness  upon t h e  
stress d i s t r i b u t i o n  at  t h e  periphery of t h e  hole.  

One of t h e s e  is  t h e  r e s u l t  produced by em- 
[See a l s o  i n  t h i s  r e s p e c t ,  

Consequently, on t h e  basis of t h e  three-dimensional theory,  

The purpose of t h e  i n v e s t i g a t i o n  described i n  t h i s  r e p o r t  is  t o  continue 
t h e  work performed i n  t h e  re ferences  mentioned above. 
problem of t h e  c i r cu la r ly -pe r fo ra t ed ,  i n f i n i t e l y  extended i s o t r o p i c  p l a t e ,  
which is loaded i n  tens ion .  The so lu t ion  of t h i s  problem is sought i n  t h e  
form of a superpos i t ion  of a s ta te  of plane stress and an i n f i n i t e  series of 

An i d f i n i t e  system of e q u a t i m s  is derived 

Chapter I disucsses  t h e '  
= 

f three-dimensional stress states. 3 

' f o r  t h e  c o e f f i c i e n t s  which multiply eadh of t hese  stress states. I n  t h e  case j 
I 

-- - -- - ---m--_p* 

of-tlie veFjFEhin p l a t e  asymptotic developments are given f o r  t hese  coef f i- 
c i e n t s .  Since a l l  stress states are derived from p o t e n t i a l  func t ions ,  an 
appendix has  been added t o  Chapter I, which i l l u s t r a t e s  t h e  comprehensive 
na tu re  of t h e  system of p o t e n t i a l  functions employed. 

The r e s u l t s  derived from t h e  numerical c a l c u l a t i o n s  of t h e  problem pre- 
sen ted  i n  Chapter I are discussed i n  Chapter 11. 
numerical c a l c u l a t i o n s  become continuously more ex tens ive ,  i n  propor t ion  t o  

It is apparent t h a t  t hese  / X I 1  

' t h e  i n c r e a s e  of t h e  p l a t e  thickness.  The reason f o r  t h i s  lies i n  t h e  f a c t  
. t h a t  i n  an fncreas ing  r a t i o  of thickness t o  diameter, t h e  number of three- 

dimensional stress states i n  t h e  i n f i n i t e  series which has  t o  be  included i n  
t h e  c a l c u l a t i o n  inc reases  considerably.  On t h e  o the r  hand, i t  i s  apparent 
t h a t  i n  t h e  case  of a p l a t e  th ickness ,  which is  double t h e  diameter of t h e  
ho le ,  t h e  s ta te  o f p l a n e  deformation already occurs i n  t h e c e n t e r  of t he  p l a t e .  
It can b e  expected t h a t  above t h i s  r a t i o  t h e  va lues  of t h e  s t r e s s e s  a t  t h e  
boundary p lanes ,  as w e l l  as i n  t h e  proximity of t h e  ho le ,  w i l l  no t  change con- 
s i d e r a b l y  as a r e s u l t  of f u r t h e r  increases  i n  t h e  thickness.  This has  been 
confirmed by experimental i nves t iga t ions .  For this reason, t h e  c a l c u l a t i o n s  
have been performed up t o  a th ickness  which is twice as l a r g e  as t h e  diameter 

The r e s u l t s  can then be ex t rapola ted  t o  very t h i c k  p l a t e s  with 
reasonable  exac t i tude .  

: of t h e  hole. 

1 ,  - 
3 

-I , The f l e x u r e  of a pe r fo ra t ed  p l a t e  is  discussed i n  Chapter 111. The 
' t h e o r y  advanced f o r  t h i s  p a r a l l e l s  t h e  theory presented i n  Chapter I, f o r  t h e  

most p a r t .  I n  t h i s  case,  p a r t i c u l a r  a t t e n t i o n  is  a l s o  given t o  t h e  l i m i t i n g  

3 
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case of t he  t h i n  p l a t e .  
theory of Reissner is  discussed ex tens ive ly ,  as a r e s u l t  of which new i n s i g h t s  

The re l a t ionsh ip  between the  exact theory and t h e  
I 

are obtained with regard t o  t h e  work of Green (Ref. 5).  I 

The numerical r e s u l t s  derived from t h e  c a l c u l a t i o n s  performed i n  Chapter 
I11 are presented i n  Chapter I V .  
t h e  development cannot be  neglec ted ,  the r e s u l t s  are compared wi th  those  ob- 
ta ined  on t h e  b a s i s  of t h e  theory of Reissner. 
exact value of t h e  stress concent ra t ion  f a c t o r  at  t h e  boundary p2me is less 
than t h a t  derived from t h e  theory of Reissner. 
theory provides an exce l l en t  p red ic t ion  of t h e  concent ra t ion  f a c t o r  f o r  t h e  
t a n g e n t i a l  f l e x u r e  moment. 

For a t h i c k  p l a t e ,  where t h e  h igher  terms i n  

It becomes clear t h a t  t h e  

However, t h i s  approximate 

I n  Chapter V t h e  ca l cu la t ions  a r e  applied during a t h e o r e t i c a l  d i scuss ion  
of t h e  method advanced by Mathar-Soete. 
t h e  i n t e r p r e t a t i o n  of t h e  observations is ca l cu la t ed  f o r  t h e  t ens ion  loading, 
as w e l l  as f o r  f l exure .  This proves t o  be s m a l l  f o r  tens ion ,  and large f o r  
f l exure  . 

The in f luence  of t h e  th ickness  upon 

CHAPTER I 

t THEORY OF THE PLATE S$SSED IN ITS PLANE 

1.1 In t roduc t ion  

The treatment of a problem i n  the  three-dimensional theory of e l a s t i c i t y  
of a homogeneous i s o t r o p i c  body, i n  which no mass fo rces  are opera t ing ,  means 
mathematical ly  t h a t  w e  must t r y  t o  determine a s o l u t i o n  of a system of p a r t i a l  
d i f f e r e n t i a l  equations of t h e  s i x t h  order (Ref. 17) 

I 

a 2  I; a? a? u 1 
a x *  +F+F+ a x  

:which, on t h e  su r face  of t h e  body, has  t o  s a t i s f y  t h r e e  boundary condi t ions .  
: H e r e  (x, y ,  z) are t h e  t h r e e  Car tes ian  coordinates,  (u. v, w) are t h e  d is -  
placements i n  t h e  x-y-z-system, v i s  the Poisson number, and 
ex tens ion ,  given by 

i s  t h e  volume 

a u  a v  a w  
a x  C Y  

E, = - +7+x. 
A number of exac t  s o l u t i o n s  i s  known f o r  t h e  system (1.1) (with the  boun- 

dary cond i t ions ) :  E i t h e r  Some of t h e  displacements have a simple form, o r  

'4 



t h e  equations can b e  reduced t o  a more simple form as a r e s u l t  of e s t a b l i s h e d  
symmetry. 
of (1.1) w i l l  be obtained only i n  t h e  form of an i n f i n i t e  series. 

In  the  case which w i l l  be discussed, however, t h e  exac t  s o l u t i o n s  

I 

It i s  expedient no t  t o  start  d i r e c t l y  from equations (l.l), bu t  t o  i n t e -  
g r a t e  t h e s e  equations using p o t e n t i a l  functions.  
used i n  t h i s  r epor t  w e r e  introduced f o r  t h e  f i r s t  t i m e  by Boussinesq (Ref. 18) 
and w e r e  la ter  used by Dougall (Ref. 3 4 )  with  t h i s  type of problems. 
d i scuss ion  of t h e  i n t e g r a t i o n  01 (1.1) 5y mesria of i ; o t e c t h l  fnnctlcns !.!ill he 
found i n  t h e  appendix of t h i s  chapter.  

The p o t e n t i a l  func t ions  

A general 

/2 
1.2  The P o t e n t i a l s  

Three p o t e n t i a l  func t ions  are used: 
__ 

A,  B1 and B2, a l l  of which are solu- 
t i o n s  of t h e  equation of Laplace i n  which 

from which w e  have 

I f  t h e  displacements (u,  v ,  w) a r e  expressed by means of t h e  p o t e n t i a l  
1 func t ion  A through t h e  following equations 

Y I. 

1 u = -  v =  Z Y  " 

a 2  B, a B, 
a Y  a +  + z--Y v = a- 

equat ion (1.1) w i l l  be  s a t i s f i e d  i d e n t i c a l l y ,  while  

This i s  l ikewise  t h e  case f o r  displacements (u, v, w), derived from a 
p o t e n t i a l  func t ion  B1 through 

Also i n  t h i s  case w e  have 

A t h i r d  system of displacements (u, v, w) i s  derived from a p o t e n t i a l  

a 2  B, a B2 

a x  axaz 

func t ion  B2 through 

+ z-Y u = a- 

(1.8) 

. 5. 



I -  
- -  

I n  order t h a t  t hese  displacements may be  s o l u t i o n s  of ( l . l ) ,  a rela- /3 
t i o n  must e x i s t  between a and y 

(1.9) y-a= - 3  + 4 v ,  
r 

with  which w e  ob ta in  
a 2  B, 
a z .  e, = - 2 2 ( 1 - 2 ~ )  - 

One of t h e  cons tan ts  a and y can be f r e e l y  chosen. 

I n  t h e  following w e  s h a l l  employ 

a = 2 ( 1 - v ) ,  
y - - ( l - 2 v ) .  

(1.10) 

(1.11) 

I n  some cases, another choice of the cons tan ts  a and y i s  more expedient -- 
namely, 

a 7 1 - 2 v ,  I 
r e spec t ive ly  

Y - - - 2 ( l - - V ) ,  1 
a =  0, 

I 
(1.12) : 

~ 

y = - 3  + 4 v .  
1 

The p o t e n t i a l s  A, B and B a r e  always independent. This may be seen i n  I 

t h e  fact t h a t  w i t h u e s  of E~ and u are zero  everyw-here,- wittrBI..--- 
only E is zero  everywhere, bu t  n o t  u . With B2, n e i t h e r  E nor  u disappear  . 

i d e n t i c a l l y .  I n  t h e  appendix i t  i s  proven t h a t  t he  p o t e n t i a l  func t ion  system 
(A, B1, B ) is a l so  complete f o r  t h e  problems t o  be discussed i n  t h i s  r epor t .  

1 2 
2 -.-- -__. 

I 

Z V Z V 

2 
I 

i 1.3 Transformation t o  Cy l ind r i ca l  Coordinates 

For t h e  problem of t h e  p l a t e  wi th  a c y l i n d r i c a l  ho le  loaded i n  tens ion ,  
i t  i s  expedient  t o  in t roduce  t h e  c y l i n d r i c a l  coordinates ( r ,  0, z).  
placements (U 

The d is -  
u ) are derived from t h e  p o t e n t i a l s  using t h e  following r’ u b 9  z 

formulae 

1 

(1.13) 

(1.14) 

(1.15) 



The connection between the stresses and the displacements is expressed 
by the following known equations (Ref. 3) - 14 

1‘  
(1.16) 

T and ‘I ) are the tensions in cylindrical 
@z’  rz r9 In this (or’ 09, oz T 

coordinates, G is the shear modulus, while the volume strain in cylindri- ! 

- r ”  I ~ ..- tal coordinates is given by __ .__I_”_ 

1 a 8 %  a U ,  , 
r a r  r alp 

E, E - -(r u,) + - -- (1.17) 

With the aid of the equations (1.13) (1.141, (1.15) (1.16) and (1.17) 
we may readily obtain 

for the function A - 15 

n 

0. = 0, 

]I I I I 

I (1. I n )  

7 



. .  I 

for  the function Bl 

for  the function Bo 

i 

.. 

L 

a 2  B* a 2  B, a 3  B, - -  - 2 ( 1 - v )  --%I- + Z- 
2 G  a rL a z2 arzaz’ 

ffz a 3  B, 
Z- -= 

2G 223 ’ 

1_,4 The Tension-Loaded Perforated Plate 1 .  

,- -. I - 

(1.19) 

i 
+ :  

.- I the actual problem. 
A f t e r  the preparations i n  the preceding sections, we can now pass on to  

We shal l  examine a uniform isotropic plate whose median 
X I  

8 



plane  coincides with t h e  x-y p lane  and which is de l imi ted  by t h e  planes z = 
- +h. 
p l a t e  i s  p ierced  by a cy l inde r  of rad ius  a ;  t h e  cy l inde r ' s  median l i n e  runs 

uniformly d i s t r i b u t e d  stress T. 

The p l a t e  extends i n  both t h e  x- and t h e  y-d i rec t ion  from - - t o  +OD. The 

: a long  t h e  z-axis. The p l a t e  is  tension-loaded i n  t h e  x-d i rec t ion  by i n f i n i t e ,  

I Mathematically, t h e  problem is  defined by equations (1.1) wi th  t h e  boun- 
' dary condi t ions  /7 

(1.21) 
- __ 

ox = T, a, = Txy = 0 (1.22) 

o r  Trz = Trp 0 along hole edge r = 3. I 1 (1.23) 

f o r  r = vxz  -i- y2- f  m ;  

I 

A t  a g r e a t  d i s t ance  from t h e  ho le ,  a p lane  s ta te  of stress p reva i l s .  
This is  defined i n  c y l i n d r i c a l  coordinates by 

1 or = 1 / 2 T ( l  + COS 2p),  

UV = ~ / ~ T ( ~ - c o s  2 ~ ) ~  

frcP = - 1/2 T sin 2qJ i (1.24) 

_I oz Trz = Trv 0. 

I I n  t h e  v i c i n i t y  of t h e  ho le ,  stress s ta te  (1.24) is d is turbed .  On stress 
state (1.24), r-strem-3f- is now superposed wiW& m v e s  t o  zero  

+ a t  i n f i n i t y  and f r e e s  t h e  boundary from stress. 

1.5 Elementary S t r e s s  D i s t r ibu t ions  

U s e  w i l l  be made of several simple s o l u t i o n s  of expression (1.3). Ex- 
p res s ion  (1.3) i s  transformed i n t o  

(1.25) 

f o r  c y l i n d r i c a l  coord ina tes ;  he re  f i s  w r i t t e n  f o r  an a r b i t r a r y  p o t e n t i a l .  
One s o l u t i o n  of expression (1.25), which i s  independent of z and 0, i s  

f = c1 log r + c2. (1.26) 

I f  s o l u t i o n  (1.26) i s  chosen f o r  func t ion  B1, t h e  equations (1.19) then  I 

g'lve rise to 
-4 i 

- = 

(1.27) 1 o r  C1 
r? J 2G 

c1 o'p= f -  2G rz ' 

. .  
9 



A solution of expression (1.25) which is independent of z ,  but dependent 

/8 of cos 24, is 
c3 

r2 (1.28) f = -  cos 2p. 

If the solution (1.28) is now chosen for function B,, the equations (1.19) 
become 

Other solutions of expression (1.25) are 

If now 
2- 1 
1.2 2 

A 4 G(-- + -) sin 2p, 

I 

(1.29) 

i (1.30) 

. is chosen, superposition of stress values in accordance with expressions 
(1.18) and (1.20) leads to 

I 

12 YZZ a= c4 cos 2Q, 2 G  ri 

Trrp 2 ( l + v )  12 vzz sin 29, 
- - c 4  [ rz + 7 - 1  1 ,  t -'-'I t 2 G -  

(1.31) 

The stress distributions (1.24), (1.27), (1.29) and (1.31) are four 
plane states of stress. These are superposed, and in so doing we set 

1 T a? 
4G ' c1 = - 

T a4 
c3 = - 

2 G  

T a? 
2 G  

. ' J  

c4 = - . D. 

(1.32) 

10 



I "  

C and D are cons tan ts  which a r e  t o  be s t i l l  more accura te ly  determined. 
Thus, w e  ob ta in  

I 

i 

I2 va'z' I +D-- 
r' 1' I 

I T 

+ 2 $ q ,  

(1.33) 

u, = TE(P = T z r  = 0. 

It is  c l e a r  t h a t  i f  IzI <<a -- a condition which i s  f u l f i l l e d  f o r  a l l  
va lues  of z by h <<a  -- t h e  22 terms i n  expression (1.33) may be neglected.  
I n  t h i s  case,  t h e  s o l u t i o n  t o  t h i s  problem i s  given by 

I _._.."_ ^ _ _ _ _  ---.--I___<. 

1 '  1 
4 '  

c = -  
(1.34a) 

I n  t h e  genera l ized  p lane  s t a t e  of stress, it is  requi red  t h a t  t h e  
average stress values over z s a t i s f y  the boundary condi t ions .  W e  then f i n d  
t h a t  

/10 

1 
4 3 ( l + v )  a* ' 

c = -  

(1.34b) 1 D =  
2 ( l + v )  * 

The formulas f o r  t h e  genera l ized  plane state of stress are exac t ly  f u l -  
illled If the half plate-thick~ess h is small i n  r e l a t i o n  t o  t h e  r ad ius  of 
t h e  h o l e  a. When t h i s  condition is not m e t ,  nothing more can be accomplished 
by f u l f i l l i n g  t h e  boundary conditions f o r  t h e  averaged stresses alone. 
ever, t h e  requirement must be  s t i p u l a t e d  t h a t  t hese  boundary condi t ions  a t  
a l l  p o i n t s  -- i .e.,  f o r  a l l  va lues  of z -- be  f u l f i l l e d  by I z l  < h. 
af other stress d i s t r i b u t i o n s  must be  added t o  stress d i s t r i b u t i o n  (1.33). 
The n a t u r e  of t hese  added stress d i s t r i b u t i o n s  i s  no t  elementary, and t h e  
d i s t r i b u t i o n s  are der ived  from more general  s o l u t i o n s  t o  equation (1.25). 
should be  noted t h a t  by expression (1.33), t h e  stresses each c o n s i s t  of two 

How- 

A number 

It 

11 



p a r t s  -- one p a r t  independent of 9,  and one p ropor t iona l  t o  cos 24 o r  s i n  29. 
The f irst  p a r t  already s a t i s f i e s  the boundary conditions along t h e  hole .  The 
stress d i s t r i b u t i o n  t o  be added is  propor t iona l  t o  cos 2 and s i n  2 + + *  

1.6 The Eigen Functions 

From t h e  foregoing it immediately follows t h a t  p o t e n t i a l  func t ions  having 
t h e  form 

must be  chosen, where g f u l f i l l s  

(1.35) 

(1.36) 

A gene ra l  class of s o l u t i o n s  t o  expression (1.36) w a s  obtained by 111 
sepa ra t ing  t h e  va r i ab le s .  These so lu t ions  have t h e  form 

(1.37) 

, i n  which I (Ar) and K (Xr) are modified second-order Bessel func t ions  (Refs. 

19,  20)*, and X is an a r b i t r a r y  complex parameter. Of t h e s e  s o l u t i o n s ,  on ly  
.--those w i t h  t h e  Bessel functfon o f . t h e  second kind (R2-fmrctiari)----m+h&ed 

only those  f o r  which t h e  real p a r t  of X is p o s i t i v e  -- are taken i n t o  consi- 
d e r a t i o n  when it i s  s t i p u l a t e d  t h a t  t h e  co r rec t ions  t o  t h e  e lementar i ly  com- 
puted stress d i s t r i b u t i o n s  must tend to  ze ro  f o r  r -f a. 

made t o  formulate  combinations of these s o l u t i o n s  such t h a t  each of t h e s e  
combinations f u l f i l l s  t h e  boundary conditions (1.21). 

2 2 

An attempt has  been I 

F i r s t  of a l l ,  t h e  following equation i s  e s t ab l i shed  

T a' 
1 G  

A = --- K, (Xr)cos hz sin 2,- . (1.38) 

By means of expression (1.18) i t  follows from t h i s  t h a t  f o r  (21 = h 
d 

(12 = 0, 1 

l i  Az a* -c- Kz'( hr) sin Ah sin 2q, *ZP  = 
T 2 (1.39) 

* The d e f i n i t i o n  of Q ( z )  used he re  i s  t h e  one given i n  (Ref. 20) on page 373. 
The d e f i n i t i o n  according t o  (Ref. 19) dev ia t e s  from t h i s  by a f a c t o r  of 

; cos nn [see a l s o  (Ref. 191, page 78) 
I "._._ - 
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* 
Boundary condi t ions (1.21) are f u l f i l l e d  f o r  every (r ,  0) i f  

i 1 

kr A = -  
h '  (k  = 1,2,. . . .) 

- I  

t. I 
r ?  

(1.40) 

cos Ah -Ah sin Ah 

sin Ah sin Ah + Ah cos Ah 

I A very genera l  s o l u t i o n  of expression (1.31) which f u l f i l l s  boundary condi- /12 
t i o n s  (1.21) is now obtained by combining these  s o l u t i o n s  l i n e a r l y .  We thus  
have 

T a2 K2 (%) krrz 

2 G  k = l  K, p) h (1.41) 
2 ak - - - - c ~ -  sin 2Q, A= - 

i n  which w e  may s t i l l  f r e e l y  dea l  wi th  c o e f f i c i e n t s  %. 
t e n t i a l s  B, and B, are found i n  a s i m i l a r  fashion.  These must be simultaneous-> 

Solut ions t o  the  po- 

* I L 
. l y  solved. With cons tan ts  B* and B it is  assumed t h a t  1 2 

+ TaZ 
2 G  

+ TaZ 
2 G  

B, = B, -- K, ( Ar) cos Az cos 29, 

R3 = B2 -.-- KL(Ar) cos Xz ccs 29,  

(1.42) j 

By means of expressions (1.19) and (1.20) t h e  boundary p l a t e  stresses f o r  121 = 
= h are determined. It is found t h a t  

+ .L 

(1.43) -- - T alcos 29 K,'(Ar) {B, k'sin Ah + B2 A' sin hh -I- 
'IZ 

T + B2A3h cos Ah}, 
1 

2.~- = 2 2a*sin 2Q -- K2(Ar) {B: A sin Ah + BZA sin Ah f 
T r + 6 A2h cos Ah}. 

It i s  impossible  t o  make both t h e  normal and t h e  shear  stresses simultaneously 
equal  t o  zero  f o r  a l l  (r, O), f o r  t h e  B1- o r  t h e  B -po ten t ia l .  This is  possi-  
b l e  f o r  a combination of these  p o t e n t i a l s  i f  t h e  following equat ions can be  
f u l f i l l e d  

2 

+ + 1' B, cos Ah - B, Ah sin Ah = 0, 

B: sin Ah + 6 sin Ah + B:Ah cos Ah = 0. J (1.44) 

/13- 

(1.45) 

(1.46) 
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I 

. 
Except f o r  A = 0, equat ion (1.46) has no real roots .  It is  apparent ,  how- 

ever, t h a t  t he re  is  an i n f i n i t e  number of complex roo t s  which here  are c a l l e d  
eigen values  and which are numbered with t h e  subsc r ip t  R .  I f  A,, i s  a r o o t  of - XI 
equat ion (1.46), then -AR, R 
i nd ica t e s  t h e  complex conjugate roots ) .  
cor rec t ions  t o  the  stresses when r -f mtend toward zero ,  only t h e  e igen  va lues  
X are taken i n t o  considerat ion.  Therefore, i t  i s  assumed t h a t  

Re AZ > 0. (1.47) 

X R ,  and -x a r e  a l s o  roo t s  ( the  superimposed b a r  
Because of t h e  requirement t h a t  t he  

R 

Thus, by d e f i n i t i o n ,  

whi le  t h e  asymptotic 

The s o l u t i o n  t a  

by which combination 
i 

B, 
1 
I 

,--- .--- .”_..._ 

Bz 

K,(Xr) is  (Ref. 19) 
L 

37 

(1.48) 

behavior of H ( l ) ( u )  i s  given ( R e f .  19)  by 2 

expression (1.44) i n  terms of X i s  R 
+ 

BIZ c Bzr Xzh tg Ath, 

(1.42) may be f u r t h e r  spec i f i ed  

r ,  cos AI2 cos 29, 1 bl hlh t g  Alh 1 Taz 
2 2 G  Kz ( h a )  

- --- 

(1.49) 

(1.50) 

. .. . . . . . 

I n  t h i s  b R 
complex, i s  taken toge ther  wi th  so lu t ion  

i s  an a r b i t r a r y  complex constant .  The (1.51) so lu t ion ,  which i s  
/14 

and t h i s  g ives  rise t o  a real r e s u l t .  
ways be  assumed t o  mean an 
p a r t .  

Therefore,  i n  t he  following X can al- R 
eigen value which a l s o  has  a p o s i t i v e  imaginary 

For t h e  f u r t h e r  e l abora t ion  of t h i s  po in t ,  it i s  reasonable t o  make t h e  
! q u a n t i t i e s  dimensionless. For t h i s  purpose w e  in t roduce  

14  ..., ; 

(1.52) 



. 

.Since there is no fear of confusion, the asterisks in the symbols are omitted 
from now on. The total system of solutions with the eigen value equation is 

sin 2x1 f 2x1 = 0, 

in which the dimensionless parameter B is defined by 

(1.53) 

f15 i 
J 

(1.54) 
1 

In the next step, an attempt will be made to define constants (a k’ bf,) in 
.such a way that the stress system -- _L-- derived from express.ion (1_.5_3),tpgether_~i-~~ 
‘expression (1.31), fulfills the boundary values for all values of z when r = 1.; 

1.7 

As has already been mentioned previously, the stresses may be written in 

Stresses on the EdPe of Hole when r = 1 

the form 

1 u, = u$’ + o;~)cos2+7, 

(1.55) 

in which the stress values provided with a superscript are independent of 9. 
According to expression (1.33), it thus follows for the stresses, when r = 1, 
that 

7::) = 0, 

1 2 ( 1 +  >) +- 12v 
)62 

t(?) 
-- ‘P _ - -  
T 2 

By means of the well-known expansion (Ref. 21) 

(1.56) 
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we may w r i t e  

(1.57) 

/16 

(1.58) 

I 
U s e  is  made of c e r t a i n  well-known recurrence r e l a t ionsh ips  f o r  t he  Bessel funcd 
t i o n s  (Ref. 20) \ 

! 

..... ., 

' t o  
( 1  0 

i 

". ,. .".- .._. 

(1.59) 

der ive  t h e  stress magnitudes from the p o t e n t i a l s .  
18).  w e  der ive  

By means 

1 
I '  

of formulas 

(1.61) 

- f rom p o t e n t i a l  A by. expression (1.53) when r = 1. Here a new symbol f o r  t h e  
quot ien t  of Bessel funct ions K'(A) and K ( A )  i s  i n t r o d u c e c g i v e n  by formula 2 2 

. I  I. i 

(1.62) 

/17 IThis  K-function p lays  an important r o l e  throughout t h e  e n t i r e  work. 
-, i 

'3 ! . ins formulas ! 
Subsequently, from p o t e n t i a l  B by,means of expression (1.19), t h e  follow? 1 6 1  

I 

i, 

3 1  
- 1  

(1.63) 



' lare derived for the stresses 'when r = 1. From B by expression (1.20) and for 2'  r = 1 we can compute 

1 

I p 00 
- R e [  2 b l { - 4 ( ( 1 - ~ )  ( K ( h ~ , f 3 ) - l ) } c o s h i z  + 

T 1 = I  

4- 2 bi (2 (K(Aip)  -1))ArzsinAiz 
1 = 1  

Stresses (1.61)' (1.63) and 71.64) are taken together. The result i s  written 
/18 

u(2)  M 
= Re [ 2 akpL1) cos k m  + 

T k = l  
m m + 2 blqj ' ) cosXrzf  2 bzr:')Xzzsinhzz 

1 = 1  1 = 1  

i 

, . where the following values are introduced 
1. . 

p:"= 2 K/k;T,n) - 2, 

p y  = k7, 

pi3)= K(kap) --- < k 4 )  * -4;  
2 

(1.65) 

(1.66) 

1 7  



I 
1 

(1.67) 

(1.68) 

The form of the stresses, as given in expression (1.65), is still in- /19 
convenient for further development. Therefore, these stresses will be ex- 
,panded in Fourier series. It is simple to derive the following auxilliary 
formulas for real or complex XI1 and for -1 5 z s1 

1 

- -  

sin AZ z = 2 UlksinkUz, 
k = l  

AI Z C O S A Z  z = m Vlksinkuz, 
k = l  

in which the following notation is employed: 

sin X I  
A I 

Sl0 = - , 

- i  
3 

‘ I  
- 1  
‘ J I  - I - - - - -  

It may be noted that these coefficients are, on 
their subscripts. 

the whole, 

18 

(1.69) 

(1.70) 

asymmetrical in 



. *. . 
I f  expression (1.70) is introduced into expression (1.65), we have /20 

(1.71) 

(1.72) 

- -  .. _ _  
are again introduced. These formulas hold f o r  (k = 0, 1, 2, ...), (2 = 1, 2, . . .) on the condition that $(2) = 0. 

IlO 

The formal solution of the problem is obtained by superposing the stresses 
according to expression (1.71) and those according to expression (1.581, and 
by setting the coefficients of cos knz and sin k-rz one after another equal to 
zero in the development. In this way, we obtain a system of equations of the 
following form 

8' (1.73) 

m Re 2' bz$j;) + 6 C - D  
1 = 1  

m Re 2 brq;:) + S C - D !  2 ( 1  + V )  + 2) = 
1 = 1  t pz 5 

/21 

(1.74) 
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I 
k -  .- 

The system (1.74) is a three-dimensional i n f i n i t e  system of equations w i t h  

If t h i s  system has  a so lu t ion ,  % and bQ are then  expressed i n  terms of 

Therefore, a few remark 

a three-dimensional i n f i n i t e  number of r e a l  unknowns, s i n c e  each b 
twice. 
D. By means of expression (1.73), C and D may then be  found afterwards.  It 
may be e a s i l y  proven t h a t  system (1.74) may be solved. 
w i l l  s u f f i c e ,  i n  which t h e  assumption i s  made t h a t  t h i s  system always has  one 
so lu t ion .  

counts Q 

I 

I 

To ob ta in  p r a c t i c a l  r e s u l t s ,  w e  must approximate system (1.74) by a system 
I of 3N unknowns: 

is  then only a s u i t a b l e  approximation of t h e  s o l u t i o n  of t h e  given f i n i t e  sys- 
t e m  i f  two conditions are f u l f i l l e d .  I n  t h e  f i r s t  p lace ,  t h e  values of %, bQ, 
computed from t h e  reduced system, must be s u f f i c i e n t l y  stabZe, i .e. ,  they may 
vary only s l i g h t l y  when t h e  number of equations and unknowns taken i n t o  con- 
s i d e r a t i o n  i s  increased. 
diminish wi th  s u f f i c i e n t  speed as t h e  subsc r ip t s  k and Q grow l a r g e r ,  with t h e  
r e s u l t  t h a t  t h e  ca l cu la t ed  stresses converge w e l l .  The e x t e n t  t o  which t h e s e  
condi t ions  are f u l f i l l e d  can only be  ascer ta ined  by car ry ing  out t h e  calcula- 
t i o n s .  I 

The accuracy a t t a i n a b l e  by reducing t h e  system (1.74) is  g r e a t l y  dependent 
This 

al, ..., %; bl, ..., bN. The s o l u t i o n  of t h e  reduced system 

Fur ther ,  t h e  ca lcu la ted  va lues  of % and bQ must 

on t h e  parameter 6, which is  expressed i n  t h e  c o e f f i c i e n t s  of t h e  system. 
i s  phys ica l ly  clear, For a very t h i n  p l a t e  (6 + m) t h e  s o l u t i o n  of system 
(1.71) is assumed to be-% *,.O, b -t 0, so t h a t  from expression (1 .73Lthe . -  - 
values  i n  expression (1.34a) of t h e  plane state of stress follow f o r  C and D. 
With g r e a t ,  b u t  f i n i t e  va lues  of 6, an asymptotic development i s  poss ib l e  i n  
which i t  t u r n s  out  t h a t  a l l  unknowns %, B are of order  B-4. 

i t  w i l l  be  found t h a t  a and bl g r e a t l y  predominate (Section 2.1) so t h a t  N = 1 

can b e  s a t i s f i e d .  The phys ica l  meaning of t h i s  lies i n  t h e  f a c t  t h a t  t h e  devia- 
t i o n  from t h e  genera l ized  plane state of stress f o r  a t h i n  p l a t e  i s  w e l l  approx- 
imated by t h e  f i r s t  term of t h e  Four ie r  series i n  t h e  th ickness  d i r e c t i o n .  
For t h i c k e r  p l a t e s ,  a l a r g e r  number of equations and unknowns must be  used. 

Q 

Numerically, 1 2 2  
Q 

1 

1.8 Derivat ion of t h e  Coeff ic ien ts  

Before p r o c e e a n g  t o  a genera l  exahination of e q u a t i m  (1.73) and (1.74), 
w e  f i n d  it d e s i r a b l e  t o  take  a c l o s e r  look a t  t h e  c o e f f i c i e n t s  which occur. 

~ F i r s t  a few simple i d e n t i t i e s  are given. Thus, i t  i s  assumed t h a t  

' F u r t h e r ,  we may w r i t e  
I 

20 
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I By means of r e l a t i o n s h i p s  (1.75) and (1.76), from expression (1.72) w e  f i n d  

(1.78) 
- /23 

so t h a t  t h i s  system is converted i n t o  

w i t h  
1 

J (k  = 1, 2, . . .) 

(1.83) 

(1.84) 

- 3  

The las t  s i m p l i f i c a t i o n s  are obtained by s e t t i n g  

.. . 2 1  



whereby expression (1.83) becomes 

(1.85) 
/24 

(1.86) 

Here c is  independent of D. I f  t h e  two equations (1.73) are sub t r ac t ed  from 
each o t h e r ,  w e  ob ta in  an equation f o r  D. It is  found t h a t  

R 

(1.88) : 

By means of equations (1.88), (1.851, (1.781, and (1.81), f i n a l l y  bR i s  found: 

(1.89) 

- -- . . 

cl/4 A31 sin Ai bi = 
n2 ( I  + w )  00 Ki ( A l p )  1 ' 

" Km) .\.31 24v 2 1 = 1  
f l 2 + V p R e  2 
I 

I whi le  % i s  defined by equations (1.89) and (1.82). The abbrevia t ion  

dr = 4A31 sin A 1 .  bl = I 

I 
C l  (1.90) - .  - - 

7r2 ( I  + v )  m Ki ( A l p )  1 
-___ f l 2 + L P R e  2 ~1 

24v 2 1 = 1  K2 ( A l p )  A31 

st i l l  p l ays  a r o l e  i n  t h e  expressions f o r  t h e  stresses. 

1 .9  The Thin P la te  

The c o e f f i c i e n t s  of systems (1.73) and (1.74) a r e  complicated func t ions  of 

t h e  system can be s impl i f i ed .  As already noted above, f o r t h e  t h i n  p l a t e  / 2 5  
(h + 0,  i .e. ,  13 + -) t h e  system w i l l  have t h e  s o l u t i o n  % = bR = 0,  while  C and 
D a lone  w i l l  no t  equal  zero (plane s t a t e  of s t r e s s ) .  The s ta te  of stress of a 

.parameter 6, and i t  seems reasonable t o  i n v e s t i g a t e  whether i n  extreme cases 

t h i n  plate: f o r  which h has a - f i n i t e  value,  may now be regarded as a perturba- 
t i o n  of t h i s  p lane  state of stress. Therefore, f i r s t  of a l l  w e  s h a l l  seek t h e  
s o l u t i o n  of systems (1.73) and (1.74) wbich may be w r i t t e n  as an expansion i n  

powers of -. For t h i s  purpose, use i s  qade of t h e  following well-known asymp- 

t o t i c  expansions lsee (Ref. 2 0 ) ,  page 3p41 

1 
B 1 

i 

3 15 t ...I, 3> (1.91) 
i- 

82 128z2 
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T i 
I . .I , . . . . . 

3 which are important when I z I is large a n d  I arg z 1 < FIT. 
we derive 

From expression (1.9l) 

(1.92) +.... ( ! ~ ; > > i )  i 15 1 
2 8 Z 

K ( z )  = -z--- 1 - - - 

By means of this relationship expression (1.66) is written as 

1 f . . . .  , p p  =-2knp-3-- - 15 1 
. 4 knp 

I 
For the $ coefficients, the following asymptotic series hold Rk 

-- !The desired asymptotic expansion is written in the following form 
- .  . .  
i ?  

(1.93) 

/26 

(1.94) 

I 
I I 
c 

(1.95) , 
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+.... , 

a"' 
ak = ai") +i+ .... , P 

b:" +-- P 1 bl = b',') 
(1.95) 

'and then, together with expansions (1.93) and (1.94))is substituted in equa- 
'tions (1.73) and (1.74). If the right sides of these equations are transposed 

' bto the left side, expansions in powers of - 1 result, which,when set equal /27 B 
"to zero,result in a sufficient number of equations to determine the coeffi- 
cients in expression (1.95). In this fashion we find 

as well as 

1, 
(1.96) 

(1.97) 

(1.98) 

The first approximation is completed with the solution of these equations. 
/28 We may proceed in the same manner when computing higher approximations. 

The following system 

(1.100) i 

is found for C(3) and from expression (1.73). 



while  b(5) wi th  the  abbrevia t ion  
<, t R 
. t  

(1.102) 

(1.103) 

I 

In t h i s  wa~-ever.hi-t- are obtained, bu t  t h e r e  is little------f.2.9-- 
p r a c t i c a l  use i n  s o  doing because of t he  asymptotic na tu re  of t h e  expansion. 

and (1.74) f o r  f i n i t e  va lues  of t h e  r a t i o  of ho le  diameter t o  p l a t e  thickness.  
.Better r e s u l t s  may be obtained by proceeding d i r e c t l y  from equations (1.73) 

1.10 Stresses 

I f  c o e f f i c i e n t s  C ,  D ,  % and b a r e  known, t h e  stress va lues  are de ter -  R 
"mined from t h e  p o t e n t i a l s  by means of equations (1.181, (1.19), and (1.20) and 
:added t o  s o l u t i o n  (1.33). A f t e r  some ca l cu la t ions ,  t h e  following expression i s  
found f o r  stress CI r 

, m?. 1 1 
T 

1 4(1 + u )  12v 2 2  ) 
f 6 C - - D  )-- +-rT(- 

rZ P r4 
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(1.104) 

A s  is easily verified, 0 
does not become much simpler. 

= 0 when r = 1. When z = 0 or z = 1, the formula r 

/30 For stress u we can derive 
$ 7 = ~ ( l + ~ )  1 1 -cos29 [-?-+6C---- 1 1 

r4 

3 K2 (knPr) 5 ah cos k n  $--- - 1 2 v  zz 2 -D- 
( K2 (k+) 8' yr+T 

k = l  

(1.105) 

When r = 1 rhis form is simplified to - .~ 

I + p2 Re 2 bl A31 tg hl cos Xlz + 2 (  1 + ~)/3'. 
1 = 1  

I -  I X 00 
Re 2 br X ' Z  cos hzz - P' Re 2 bz X31z sin Xlz 

When dQ defined in expression (1.90) is introduced, this equation is to be 
written as 

1 = 1  1 = 1  

00 cos Xlz  z sin Xlz  +-- )82 
Re Z di (- cos& - sin& 4 1 = 1  

1 m cos X I Z  

d l  hlsinhl 
+-- (1  + v) P'Re 

2 1 = 1  

.From this we obtain the important value 

l + v  8'Re 5 C I Z ~ / ~  
1 = 1  A 1 

( - F ) r = ,  - - 1 + cos29 -4 (1 A v ) D  -+ 7 
z = l  



1 .  

Also  of i n t e r e s t  i s  t h e  value averaged over t h e  thickness  

= 1 + ~ 0 ~ 2 9  - 4 ( 1  + v ) D  + 
m e  ;s cn +I.  J (q!!) r = l  1 

V 

+2 1 = 1  I 

1 
-For stress Q w e  f ind  

z 

A s  may e a s i l y  be v e r i f i e d ,  CJ = 0 when I z I = 1. I f  r = 1, then 
2 

- 1  In z sin X I  z 
sin (+) r = l  4 

= cos29- P' Re L' dl ( 
l = I  

- c a A i z ) 9  COS A i  J 
$while the  averaged value is  i 

_. . 

For a very t h i n  p l a t e ,  expressions (1.95) may be introduced i n t o  the  1 3 2  
.stress formulas. 

o rder  -, t he  following forms arise 

I f  t h e  expansion is not continued f u r t h e r  than t o  terms of 
1 
B2 

(1.109) 

(1.110) 

(1.111) 

(1.112) 

._ _I _- _. 

' U s e  is  made of 
.. - 

(1.115) 

when de r iv ing  expression (1.113). 
of i d e n t i t y  

This r e l a t ionsh ip  may be obtained by means 

34 k+r2 1 P - - __ -_ -- 
(h'l - k'r')' 

- Y 

2 sin2Xl ' (1.116) k = 1 

.~ 27 



which is derived from the first and third equations in expression (1.69) by 
taking z equal to 1 therein and by eliminating the series 

ca 1 2 ~- k = 1 A'z - kZ n2 

From expression (1.116) it immediately follows that 
m k2 n2 - 

(h2,-kZ 2 2 - Re 2 bz .-4hX3tsinhl 
k , i =  1 n )  

m 
=: Re 2 bt 2hZl cos XI. 

1 = 1  

If the plate is very thin (B + m) /33 
i 

may be written for the left side of this equation by taking advantage of ex- 
pressions (1.74) and (1.94), while the right side equals 

AZ 1 ' cot A1 cy)--- 

because of expressions (1.95) and (1.98). 

Expression (1.115) is found in a similar fashion. 

The average value of u is given by 
Z - 

Re c;" - _-.. 1 1  (1.117) 

' 
X 

I = 1  A'I j' 
It should be additionally noted that for a very thick plate (B -+ 0), the 

are known from the theory of the plane state of deforma- 
- - 
U a 

ivalues of -2 and 
T T 

tion. By means of formulas (1.109) and (1.112) it is thus possible to compute 

the magnitudes D and P' -- for B = 0. dr 

1 - 1 A': 

is thus found. 

(1.118) 

I34 APPENDIX - 
Completeness of the Potential Function (A, B,, B?) System Used 

It is not certain in advance that the potential function (A, B1, B2) 
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system used is complete, i . e . ,  t h a t  w i t h  every s o l u t i o n  (u, v, w) of express ion  
(1.11, p o t e n t i a l s  A, B1, B2 can be  found such t h a t  t h e  func t ions  u, v, and w of 

t h e  (A, B1, B ) system can be derived by combining expressions (1.4), (1.6), 

and (1.8). 
2 

When an arbitrary three-dimensional problem i s  t r e a t e d ,  i t  i s  i n  genera l  
c e r t a i n  t h a t  t h e  s o l u t i o n  can be described by four independent p o t e n t i a l  func- 
t i o n s  (Ref. 2 2 ) ,  while  f o r  a l a r g e  class of problems i t  has  a l s o  been estab- 
l i s h e d  t h a t  desc r ip t ion  by means of three 
(Ref. 23) .  It may be  expected on phys ica l  grounds t h a t ,  even though t h e r e  i s  

,no mathematical proof f o r  t h i s ,  " in  general" even problems which f a l l  ou t s ide  
t h e  above-mention&-class can be described wi th  only t h r e a g o t e n t i a l  func t ions .  
For an ex tens ive  class of problems, which a l s o  inc ludes  t h e  problem formulated 
i n  Chapter I, it  is, however, poss ib l e  t o  g ive  a mathematical proof of t h e  com- 
p l e t eness  of t h e  p o t e n t i a l  func t ion  (A, B1, B2) system employed. T l i s  class of 

problems embraces t h e  problems which p e r t a i n  t o  determining displacements i n  
bodies which are convex i n  one d i r ec t ion .  
d i r e c t i o n  i f  every rectilinear element p a r a l l e l  t o  t h e  d i r e c t i o n  connecting two 
p o i n t s  i n  t h e  body l ies e n t i r e l y  i n  t h a t  body.) 
s i o n s  of t h e  body become i n f i n i t e l y  g rea t ,  t h e  displacements a t  i n f i n i t y  satis- 
f y  c e r t a i n  condi t ions .  
(A, B1, B ) system is  complete, a c e n t r a l  r o l e  is played by the  following lemma 

concerning harmonic func t ions  -- i . e . ,  func t ions  which s a t i s f y  the  Laplace  e q u a  

p o t e n t i a l  func t ions  i s  p o s s i b l e  

(A body is  c a l l e d  convex i n  one 

I f  one o r  more of t h e  dimen- 

I n  proving the  assumption t h a t  t h e  p o t e n t i a l  func t ion  

2 

TroYi. 

Lemma /35 
I f  p(x,  y, z) i s  a harmonic function i n  region D ,  i t  i s  p o s s i b l e  t o  f i n d  

' a n o t h e r  harmonic func t ion  q(x, y ,  z) defined by 

P> aq 
a Z  -e 

i f  one of t h e  following condi t ions  is  f u l f i l l e d :  

(a) Region D i s  convex i n  t h e  z-direction. 

= 0 (rT3).  
z = o  

(b) If r = VX* + y 2 +  CQ ,I then  (*) 
The proof of t h e  lemma takes  a course which i s  e n t i r e l y  analogous t o  the  proof 
t h a t  i s  given by Eubanks and. Si;ei-i;Zerg (Ref .  21) f o r  bodies convex i n  t h e  z- 
d i r e c t i o n  and f i n i t e  i n  every plane p a r a l l e l  t o  t h e  x-y-plane. From t h e  given 
harmonic func t ion ,  p(x,  y ,  z) i s  f i r s t  der ived  by means of 

Funct ion q s a t i s f i e s  1 
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and is thus a solution of 

ne, = 0. a 
a Z  
- 

From this it follows that Aq, is independent of z ;  this is expressed by 
I 

A 91 = h ( x , y ) .  (A. 3) 

From expression (A.3)  it follows by direct calculation that /36 

From condition b it may be concluded that h(x, y) may be integrated over the 
whole plane z = 0.  a function q2(x, y) is added which is de- 
fined by 

To function q l 

92 = -2a / Q h ( k ? ) h ~ ( ~ - ~ ) 2 +  (y--l)?dfdv, I (A.5) 
1 

which (Ref. 30) obviously fulfills 

= -h{x ,y) .  (A. 6 )  
Region B over which integral (A.5)  is calculated is the intersection of plane 
z = 0 with the body. It is now clear that the requred function q(x, y, z) is 

(A. 7) 

i given by 
9 = 91 + 92. 

Note. The hypothesis may be extended to higher derivatives. If p(x, y,z) 
is a harmonic function, a function q(x, y, z) may be found which fulfills 

( A . 8 )  . 

on condition a, while condition b must be reinforced to 

The completeness theorem is now formulated as follows. 

Theorem. 
tential function (A, B 
of expression (1.1) s d i  t h a t  y h ~  2 - y = 3 - ,!tv 

In a body which is convex in the z-direction, a harmonic po- /37 
B ) system can be found for every solution (u, v, w) 1’ 2 

1 i B, i? B, 
+ a -  - + 2 - -  

a A  i?B, u =  - a y  +F a x  a x a Z y  

30 . .. 

w =  



I !and when r = -+ 03, t h e  following i s  t r u e  

2W 
2 Z  

-- - - O(r-"), 

The proof of t h i s  theorem w i l l  be provided by so lv ing  equations (A.9) f o r  t h e  
harmonic func t ions  A, B B2 wi th  an a r b i t r a r i l y  given s o l u t i o n  u, v, w of t h e  

e l a s t i c i t y  equations (1.1). F i r s t  of a l l ,  B is  determined from t h e  r e l a t ion -  

sh ip  

1' 

2 

a 2  

a zz 
C" = - 2 ( 1 - - 2 v )  --. (A. 10) 

obtained by d i f f e r e n t i a t i n g  t h e  f i r s t  equations (A.9) with respec t  t o  x, t h e  
second equat ion wi th  r e spec t  t o  y ,  and the t h i r d  equat ion wi th  r e spec t  t o  z ,  
and adding. Because E is  harmonic, B may be computed from the  lemma. 

V 2 

1 
From t h e  t h i r d  equat ion (1.1) and from (A.lO) i t  follows t h a t  

I 

Next, harmonic func t ion  B i s  ca lcu la ted  from t h e  t h i r d  equation (A.9). 

/38 
(A. 11) 

so t h a t  B1 again may be  computed from the lemma. 

To complete t h e  proof ,  new functions Q and R defined by 

(A. 12) 

are in t roduced;  from equations (1.1) and (A.lO) i t  follows t h a t  Q and R are 
.harmonic. 

(A.9) and (A.lO) follows by d i f f e r e n t i a t i o n  of expression (A.12) 
By means of t h e  r e l a t i o n s h i p  a - y  = 3 - 4 v ,  t h e  t h i r d  equation 

i 
(A. 13) 

' f rom which i t  follows t h a t  Q and R may be derived from the  z-component of a 
v e c t o r  p o t e n t i a l .  

It is now assumed t h a t  

(A. 14) 

-. . 
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(A. 14) 

S 
I n  t h i s  J is  defined as the  i n t e g r a l  along an 

t i r e l y  i n  t h e  i n t e r s e c t i o n  of t he  body with t h e  
' i n t eg ra t ions  over 5 and C are i n t e g r a t i o n s  i n  1 2 
s a r y  t h a t  po in t  s be s e l e c t e d  independently of 

0 

a r b i t r a r y  curve which l ies en- 

plane z = const.  Fur ther ,  t he  
the  z-direction. It i s  neces- 

z .  I n  order t o  show t h a t  t h i s  

is indeed t h e  des i red  p o t e n t i a l  func t ion  A,  w e  f i n d  by d i f f e r e n t i a t i o n  t h a t  

(A. 15) 1 a A  Q =  -. 

a Y  

a x  
a A  R = -- 

The d e r i v a t i v e  with respec t  t o  z i s  

I '  -= a A  0 f d  (%-%)+ 
(A. 16) 

From expressions (A.15) and (A.16) it follows t h a t  
- __I_I_ _ ^ I  . . ..-. .." _.. A A = 0, 1 (A; 17) 

so  t h a t  func t ion  A i s ,  i n  f a c t ,  harmonic. 

I n  a simply connected region, t h i s  func t ion  i s  a l s o  unique. I n  a mul t ip ly  
aA 

'connected reg ion  however, A is i n  general  many-valued. Nor i s  - then  unique, az 
aA 3A a $A bu t  - - and a22 may w e l l  be. ax' a y  

1 
It should be noted t h a t  i n  t h e  proof t h e  value v = o f f e r s  no p a r t i c u l a r  

d i f f i c u l t y ,  as i s  t h e  case i f  t h e  r ep resen ta t ion  wi th  fou r  p o t e n t i a l s  according 
t o  Papkovich i s  reduced t o  a r ep resen ta t ion  with t h r e e  components of t h e  vec to r  
p o t e n t i a l  (Ref, 231, 

reg ion  -1 < v < -. 
The proof given here i s  v a l i d  f o r  a l l  va lues  of v i n  t h e  

1 
2 

The theorem as formulated on page 30 cannot be d i r e c t l y  appl ied  t o  t h e  
:problem o f  Chapter T hccanse the sclrst iai  cf t h l s  -,rcbleri ~ C Z S  rrot fulfill the 

cond i t ions  which are set i n  t h e  theorem regarding t h e  behavior  when r + a. 

By s p l i t t i n g  off t h e  elementary p a r t  from stress d i s t r i b u t i o n  (1.33), w e  ob- 
t a i n  a problem, however, t o  which t h e  completeness theorem which i s  proven 
h e r e  may b e  w e l l  adapted. 

3 2- 



CHAPTER I1 

NUMERICAL RESULTS FOR THE PLATE LOADED I N  I T S  PLANE 

2.1 The Numerical Calculations 

I n  order  t h a t  conclusions may be reached i n  regard t o  t h e  stresses which 
are sought, t h e  equations must be solved numerically. The computations con- 
sist of :  

(a) determining t h e  eigen va lues ;  
(b) 
(c)  c a l c u l a t i n g  t h e  requi red  c o e f f i c i e n t s ;  
(d) so lv ing  t h e  a lgeb ra i c  equations; 
(e) computing t h e  stress magnitudes. 

determining t h e  necessary values of t h e  K-functions; 

I n  t h e  formulas, t h e  magnitude v, Poisson's number, occurs. This number 
p lays  an important r o l e  s ince ,  f o r  v = 0,  t h e  problem i s  elementary, and com- 
p l e x i t y  i s  thus merely t h e  r e s u l t  of v not being equal t o  zero. I n  t h e  compu- 

' t a t i o n s ,  v is  always taken t o  equal - ,  the  average of t he  extreme va lues  which 

are t h e o r e t i c a l l y  poss ib l e ;  t h e  va lue  adopted i s  furthermore a good approxima- 
t i o n  of Poisson 's  number f o r  s t e e l .  

1 
4 

(a) The eigen vaZues m e  caZcuZated f o r  equation (1.53) by rep lac ing  . -  t h i s  
equat ion by two real equations 

1 sin 2p l  cosh 2 v l  = - 2 p l  

cos 2pz sinh Z V Z  = - 2v l .  

a f t e r  s e t t i n g  X - 1 . 1 ~  + i v k ,  (1.1~, vR r e a l ) .  The t r i v i a l  

v = 0 i s  disregarded. W e  r e s t r i c t  ourselves 
R 

- - 
. % R 

i 

(useless)  s o l u t i o n  t 

t o  t he  s o l u t i o n s  f o r  

which 1.1 

s i n  2~ and cos  21.1 must simultaneously be nega t ive ,  from which i t  becomes 

c l e a r  t h a t  21.1, lies i n  t h e  t h i r d  quadrant and thus may be  w r i t t e n  

> 0 and vR > 0. From expression (2.1) i t  immediately follows t h a t  /41  R 

R R 
k 

I X - E I ,  (1 = 1, 2 ." 2yz = (21- - 
1 
2 

i n  which is  t o  be  determined more exactly.  

An a r b i t r a r y  (small) i n i t i a l  va lue  us given t o  

. t i o n  (2.1), w e  c a l c u l a t e  a value pe r t a in ing  t o  vR. 

is  determined from t h e  second equat ion (2.1). This 
converges. Table I g ives  a survey of t h e  s o l u t i o n s  

. . .) (2.2) 

E From t h e  f i r s t  equa- 

R Then a co r rec t ed  va lue  E 

i t e r a t i o n  process quickly 
f o r  R = 1, ... 7. 

!?. ' 

* 
* According t o  t h e  computation of t h e  eigen va lues  by means of Hayashi's t a b l e s  

of hype rbo l i c  and goniometric functions (Ref. 26), i t  w a s  c l e a r  t h a t  t hese  
e igen  v a l u e s  had a l ready  been determined by o t h e r  authors (Refs. 27, 28,  29) 

The r e s u l t s  obtained here  agree wi th  the l i t e r a t u r e  i n  t h e  f i g u r e s  quoted. 
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Because of the properties of the hyperbolic functions, it is also simple 
to posit an asymptotic formula for X 
'that 

For large values of R it is obvious R' 

1 10: (41-  1)7 1 1 
4 ' 4 1 - 1 ) ~  

Ai+ ( l - - )  7r- 

i l og (41-1 )x -  . . . .  . t- 
I 
2 

-I 

For a value of R as low as 5 ,  this formula gives 14.8541 + i 2.045, in satis- 
factory agreement with the more accurate value. 

(b The K-uaZue computation extends not only over the real, but also over 
With suffi- the complex magnitudes. 

ciently large values of B the asymptotic formulas, which here quickly lead to 
a result, are always adequate. For small values of k ,  R, and B ,  tables were at 
.our disposal which, although they were intended for calculating Bessel func- /42 
tions with complex arguments, here, however, prove to be useful only for cal- 
culating functions with real arguments. The functions with complex arguments 
are determined by means of series expansions. 
summarized here. 

K(k.rrB) and K(XRB) occur in the formulas, 
/I 

The formulas used are once more: 
The asymptotic formula is 

rZ+ .... 1 + -2-1 - - 

I z-z + .... z-l f - I f -  

3 15 
8 128 

105 15 
128 8 

-- _ -  K ( z )  
KZ(4 

9 

..._ - . -- " ~ -- ""- . 

while the series expansions for K (z) and K2(z) are 1 

i 

( 2  4) 

in which y represents Euler's constant (y = 0.5772157 ...). The abbreviation 

is introduced for calculating the K values, from which K(z) is determined by 



TABLE I 

k of 1 K*( q) 
1 3,1416 2,1062+i 1,1254 4 ,4875 
2 6,2832 5,3564+i 1,552 -4,6637 
3 9,4248 8,5367+i 1,776 4,7504 
4 12,5664 11,6992+i 1,929 4 , 8 0 1  9 
5 15,7080 14,8511 - t i  2,047 -0,8358 
6 18,8496 18,0049 t i  2,110 4 , 8 5 9 9  
7 21,991 1 21,1534+i 2,220 4 , 8 7 7 8  

EIGEN VALUES AND K*-VALUES 

K*(k.rr) K*( % A t )  

4 , 6 6 3 7  4 , 4 0  1 2-i 0,1185 
4 , 8 0 1 9  4,6354-4 0,0640 
4 , 8 5 9 9  4 , 7 3 7 3 4  0,0414 
4 , 8 9  16 4 , 7 9 3 7 4  0,0277 
-0,9116 4 , 8 3 0 1 4  0,0199 
- -4 ,85574 0,0150 
- 4,8745-i 0,0117 

4 , 6 2 7 3 4  0, I280 
4,7859-i 0,0496 
4 , 8 5 2 0 - i  0,0267 
4,8869-i 0,0168 
4,9084-i 0,0166 

- 
- 

I. 

4,7055- i 0.1 103 
-4,848.1 I 0,037d 
--0,h97I- i 0,0194 
-0,9221 - i 0,0120 
-0,9373- i 0,CK)YI 

- 
- 

4 

4 , 7 6 5 4 4  0,0961 
4 , 8 8 2 5 4  0,0305 
4 , 9 2 1  I-i 0,0153 

4,9524-i 0,0063 
- 4 , 9 4 0 6 4  0,0093 

- 
- 

TABLE IIa 

VALUES OF xRk *(‘I FOR B = 1/2 

--0,0&77+i 0,16729 

--0,00604+i 0,00804 
4,00372$i 0,0044 1 
--0,00251 +i 0,0327’) 
-4,00180+i 0,0019; 
-0,00136+i 0,001 45 

4,01101+i 0,0200j 

0,0022 1 -i 0,001 35 
0,00373-i 0,00324 

4 , 0 1 6 5 8  +i 0,O 1424 
O,00141+i 0,00325 
O,00045+i 0,00072 
0,00007+i 0,00027 

.- 0,00325-i 0,01418 

2 

5 

0,oO 109 -- i 0,W)S 1 
0,00172-i O,M)97 
0,00297-- i 0,00273 
0,00194-i 0,01161) 

-4,O1119+i 0,01134 
0,OO I4 34- i 0,003 12 
O,OOOj9+ i O,N)7 1 

0,09989-i 0,03952 
--O,O3102+i 0,03574 
- -0,OOXl4+i 0,00440 
-4,032 17+i 0,00865 
- -O,OXJ30 1-i 0,00057 
- -0,O31)07+i 0,00035 
--O,WS+ti 0,00024 

6 

O+N)06 1 -i 0,00024 
0,000924 0,00040 
O,C)3147-i 0,00081 
0,000254-i 0,00227 
0,00131-i 0,01010 

- O,01265+i 0,00960 
0,00138-ti 0,00304 

~~ 

- 0,83474 0,0736 
4 , 9  1 9 2 4  0,02 17 
4 , 9 4 6 3 4  0,O I07 

0,9678-i O,t,d43 
- 0,9598-i OjM6.1 

- 
- 

/43 

1 

- / 4 4  

3 

0,005463 0,00506 
0,00506-i 0,01978 

-4,O2092+i 0,01995 
0,031 19+i 0,00349 
O,03014+i 0,00079 

-4,001)23+i 0,00017 
-0,0#317+i 0,00032 

7 

O,OOO38-i 0,OOO 13 
o,oOoO8-i 0,00020 
0,00082-i 0,00035 
0,00131-i 0,00072 
0,002264 0,00208 

--0,O1156+i 0,00842 
O,ooO87-i 0,00909 
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/45 

1 
2 
3 
4 
5 
6 
7 

TABLE I I b  

VALUES OF xllk *(2) FOR 6 = 1/2 

-0,073%+i 0,20822 
-0,00124fi 0,02385 
-0,00148$ i 0,00909 
-0,00lOS+i 0,00488 
--O,00078+i 0,00306 
--0,OW58+i 0,00210 
-0,O0047+i 0,00167 

4 

0,00241-i 0,00149 
0,03545 --i 0,00502 
0,03499-i 0,03 139 

-0,04770-1-i 0,05332 
0,01081-+i 0,01425 
U,00590+i 0,00377 
0,~9341 +i 0,OO I54 

A number of K*(z) 

2 
~ ~~~~ ~ 

0,01022-i 0,04566 

0,00577-t-i 0,01097 
O,OO117+i 0,01729 
O,O3197+i 0,0013G 
0,001 20$-i 0,00078 
O,OoOSO+i 0,00051 

--0,04458+i 0,07407 

3 

0,00599-i 0,00571 
0,006304 0,032 I I 

-0,O4475+i 0,05801 
O,OIOIG+i 0,01235 
0,005lO+i 0,00324 
0.00286fi 0,001 36 
0,001 82 $-i 0,00073 

5 G 7 

values  are col lec ted  i n  Table I. /50 
(c)  Coefficients xllk *(n) are caZcuZated i n  various stages by means of t h e  

K-values given i n  Table I. 

This i s  done f o r  6-values of ' / 2 ,  1, 3/2, 2 and 3. 

The r e s u l t s  of these  ca l cu la t ions  a r e  given i n  Tables I Ia  through IIj. 

(d) System (1.87)  and system (2.991, when 6 = 1, 3/2, 2 and 3 are re- 
duced t o  t e n  real equations with t en  unknowns, while when 6 = ' / 2  an 
s i o n  i n t o  1 4  equat ions with 14  unknowns proved t o  be necessary.  
t h i s  is  discussed i n  Sect ion 2.2. 

expan- 
The e f f e c t  of 

Table  111 contains  the so lu t ions  obtained. C and D are a l s o  tabula ted  
, I (coz;i;.;ted frm zxpression [1.?3!) l n d  t h e  magnitude 

i 

When judging the  accuracy of t he  ca l cu la t ions  i t  should be kept  i n  mind . -  

t h a t  h e r e  it i s  a quest ion of values  fo r  co r rec t ing  t h e  c l a s s i c a l  stress magni- 
Accuracy t o  th ree ,  

o r  a t  l eas t  t o  two,d ig i t s  is  the re fo re  considered s a t i s f a c t o r y .  
' t u d e s  which are r a r e l y  g r e a t e r  than 10% of t h e  uncorrected.  
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The accuracy a t t a i n e d  is  determined by t h e  following f a c t o r s :  Accuracy 
t o  which eigen values h are known, t h e  rounding off of t he  d i g i t s ,  and the  

sys temat ic  e r r o r  from reducing t h e  system of equations.  
1 

The imaginary p a r t s  of the eigen values are ca l cu la t ed  t o  four  p laces ,  
which i s  considered s u f f i c i e n t  f o r  t h e  r e s u l t  t o  be a t t a i n e d .  
ing real p a r t s  of t h e  eigen values are accura te  t o  fou r  f i g u r e s  a f t e r  t h e  deci- 
m a l  point .  
m a l s  are alwgys used. 

The correspond- 

Rounding of f  of f i g u r e s , i n  genera1,plays no r o l e  s i n c e  many deci- 
- 

The most important e r r o r  comes from reducing t h e  system of equations.  For 
t h i n  p l a t e s  t h e  l i m i t a t i o n  t o  10 equations s u f f i c e s ;  f o r  t h e  case B = 1 / 2  i t  
w a s  necessary t o  use 1 4  equations.  For p r a c t i c a l  reasons t h i s  number is  con- 
s ide red  t h e  l i m i t ,  and t h e  accuracy achieved seems, on t h e  b a s i s  of t h e  re- /53 
s u l t s  obtained f o r  t h e  stress d i s t r i b u t i o n ,  t o  be  adequate (see Section 2.2) .  
A f i r s t  impression of t h e  accuracy a t t a i n e d  has a l ready  been obtained by com- 
par ing  t h e  unknowns cl, ..., c ca lcu la ted  from t e n  equations wi th  the  va lues  

of t hese  unknowns computed from 14 equations (Table IV). 
5 

A s  i t  appears,  t h e  s t a b i l i t y  of t h e  f i r s t  cR c o e f f i c i e n t s  i s  reasonably 

good. The s m a l l  changes have l i t t l e  e f f e c t  on the  stress d i s t r i b u t i o n .  Of 1 
!much g r e a t e r  s ign i f i cance ,  however, is the reduct ion  i t s e l f .  It is then a l s o  i 

'clear t h a t  t h e  e f f e c t  of t h e  s i x t h  and seventh term on t h e  stress va lues  i s  by 1 
no means t o  -fF- be  neglected.-_Fj%m-the values of cl, ..., c7 i t  may, however,-be ____ 
hoped t h a t  neglec t ing  c8,  ... w i l l  b r ing  no more g r e a t  changes i n  t h e  r e s u l t s  

' 

obtained. This w i l l  be  d e a l t  wi th  i n  more d e t a i l  when the  r e s u l t s  are d is -  
+cussed (Sec t ion  2.2).  

! It would be i l l u s o r y  t o  expect t h a t  mistakes i n  computation could be en- 
t i r e l y  excluded i n  the  extremely voluminous computations. The attempt i s  in- 
deed always made,so f a r  as p o s s i b l e , t o  inc lude  c o n t r o l  c a l c u l a t i o n s  t o  reduce 
t h e  danger of computational e r r o r s  t o  a minimum. 
t r o l  c a l c u l a t i o n ,  w e  would l i k e  t o  mention r e l a t i o n s h i p  (1.115) which i s  then  
always used. 
.provides a check on t h e  f i n a l  r e su l t%which  i s  e f f e c t i v e  i n  many r e spec t s .  

! 

A s  an example of such a con- 

The graphic  p re sen ta t ion  of r e s u l t s  of in te rmedia te  computations 

-c- 

System (1.99) f o r  t h e  f i r s t  approximation of t h e  a s p i t o t i c  s o l u t i o n  f o r  
t h e  t h i n  p l a t e  i s  reduced t o  10  equations.  
Table V. 
sf these r e s c l t s  v i t h  the resrilts f o r  computations involving only two equat ions ,  
which are a l s o  given i n  Table V. 

The s o l u t i o n  i s  summarized i n  
The accuracy achieved he re  i s  g r e a t ,  as i s  a l s o  clear from comparison 

s 2.2 Discussion of Resul t s  
1 

The p r i n c i p a l  r e s u l t s  of t h e  computations are shown i n  Figures 1 through 
i10. 

' I  

E 
I n  F igure  1 t h e  magnitude D,  t h e  c o e f f i c i e n t  of p lane  state of stress 

(1.31), i s  ca l cu la t ed  as a func t ion  of r a t i o  B of h o l e  diameter t o  p l a t e  
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0.5 1.0 r. s 2.0  2.5 3.0 , 

Figure 1 

Coeff ic ien t  D 

_ _  
th ickness .  
s i o n  (1.116). 
of D f o r  t h e  0 < f3 < 0.5 reg ion  with reasonable accuracy. 

Here w e  make use of t h e  known value of D f o r  B = 0 given i n  expres- 
/54 It i s  apparent t h a t  it is  p o s s i b l e  t o  i n t e r p o l a t e  t h e  value 

F igure  2 g ives  t h e  connection between t h e  vaZue of noma2 stress  i n  the 
direction perpendicuzar t o  the pZate surface f;z) averaged over t h e  p l a t e  

.. 

th ickness  along t h e  edge of t h e  ho le  and r a t i o  B.  Without any ca l cu la t ing ,  i t  - h - 
can immediately be seen t h a t  - "' 

T COS 24 
is  clear t h a t  f o r  t h e  average value 

= 2v = 0.5 when B = 0. From t h e  graph it 

Fz there i s  no need t o  ca r ry  out  the ex- 

t r a o r d i n a r i l y  cumbersome computation i n  t h e  0 < B < 0.5 region. Fur ther ,  i t  is  
apparent  t h a t  t h e  devia t ions  from the  plane s ta te  of deformation o r  t h e  plane 
state of  stress are important i n  t h e  0.25 < B < 3 region. 

I t  i s  icterestfng t o  po in t  ou t  here  t h e  e s p e c i a l l y  good agreement which 
exists between t h e  value (-0.167) when B = 1 and t h e  value found i n  &e litera- 
t u r e  (-0.169) which Green (Ref. 4 )  has  computed by another  method. 

F i n a l l y ,  t o  g ive  an idea  of t h e  s ize  of t h e  region i n  the  r a d i a l  d i r ec - /56  
t i o n  where the devia t ion  from t h e  plane s ta te  of stress is  s i g n i f i c a n t ,  Figure 

. 3  r e p r e s e n t s  t h e  course of t h e  averaged normal stress Fz with r ad ius  r f o r  t h e  

s i n g l e  v a l u e  B = 1. It i s  clear t h a t  a t  a d i s t ance  of twice t h e  ho le  diameter 
t h e  p l a n e  state of stress i s  approximately unperturbed. It may be  expected 
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r is  t e n s i l e  stress a t  i n € i n i t y  
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Q = value ca lcu la ted  by A: E. Green 

- -- - asymptotic approximat iori 
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Figure 2 /55 
Average Value of 0 on the Edge of t h e  Hole z 

t h a t  t h i s  pe r tu rba t ion  pene t r a t e s  f a r t h e r  i n  t h e  r a d i a l  d i r e c t i o n  when t h e  6 
values  are smaller. 
of median plane z = 0 as t h e  r ad ius  becomes l a r g e r .  

The pe r tu rba t ion  region i s  more r e s t r i c t e d  t o  t h e  v i c i n i t y  

0.20 7 , 

r i s  t e n s i l e  stress a t  i n f i n i t y  

p l a t e  th ickness  I 

O = ca lcu la ted  po in t s  

ho le  diameter 

I I 
0.10 i \ I I 

Figure 3 

Connection Between Tz and Radius r f o r  = 1 
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Figure 4 

Path of 0 on t h e  Hole Edge Over the  P l a t e  Thickness 
Z 

_i re  4 gives t h e  distr ibut ion of normal s tress  uz on the h 

! 

l e  edge over 
the plate  thickness f o r  var ious values of 8 .  The most important conclusion t h e  
can be drawn from t h i s  f i g u r e  is  t h a t  i n  the  midd le  ( z  = 0) ,  t h e  l imi t ing  va lue  
,2v  = 0.5 is a l ready  almost reached when B = 0.5. The course of u over t he  z 
p l a t e  thickness  i s  a l s o  used as a c r i t e r i o n  of t h e  accuracy of t h e  numerical 
ca l cu la t ions ;  w e  w i l l  r e tu rn  t o  t h i s  when discussing Figure 10. 

There is outstanding agreement between the  value of %. found here  when 157 
B = 1 and z = 0, i.e., -0.262, and t h e  value of -0.268 given by Green (Ref. 4). 
The s l i g h t  divergence is  probably t o  be a t t r i b u t e d  t o  t h e  e f f e c t  of t runca t ing  
t h e  series. 

T 

F igure  5 gives  t h e  g r e a t e s t  values  of normal stress 0 which always occur 

easszitlall-,~ SI? nedim nlnne r - -  z = 0,  as a funct ion of R, This f igu re  may be com- 

pred with Figure 6 from the  work by Sternberg and Sadowsky (Ref. 6). 
ev ident  t h a t  t he  curve ca lcu la ted  here  lies c l o s e r  t o  t h e  curve given by Stern- 
berg and Sadowsky when v = 0.20 than to t h e  similar ( in te rpola ted)  curve when 
v = 0.25. This can be simply explained from t h e  lesser accuracy of t h e  approx- 
imat ion method developed by these  authors i n  comparison t o  t h e  method used here .  
Q u a l i t a t i v e l y  Sternberg and Sadowsky's r e s u l t s  a r e ,  however, e spec ia l ly  e legant  
and t h e i r  method has the  advantage tha t  i t  can be e a s i l y  adapted t o  var ious 

:values  of v .  

z' 1 

It is  
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Figure 5 /58 
Value of oz Along t h e  Hole Edge on t h e  Middle Plane 

(a) - Calculated p o i n t s ;  (b) - Limiting va lue  when 
B = 0; (c) - asymptotic approximation. 

I The average value of the tangential normal s tress  o over the plate thick- 
4 

ness on t h e  ho le  edge i s  represented i n  Figure 6 as a func t ion  of B. 
means of Figures 1 and 2 ,  i t  is poss ib l e  t o  compute t h e  graph down t o  B = 0, 
s i n c e  

Here by 

- 

= 1 + v ( + )  
- 4( 1 f v)D COS 29. 

r = l  (2.10) 

It i s  ev iden t  t h a t  t h e  devia t ions  from the value 
- ,^\ 

computed e i t h e r  from t h e  theory of plane s t r e s s  o r  from t h a t  of t h e  plane 
state of deformation areonly s l i g h t  for ail values of 6. 
p r e s s i o n  (2.10), which i s  2 . 0 3 4 ,  l i e s  between 0 and 0.5. 

The ~ z x i r x ~  cf ex- 
The elementary /59 

- ‘ t h e o r y  obviously s u f f i c e s  f o r  t h e  average va lue  of t e normal t a n g e n t i a l  stress. 

- L It should be noted t h a t  when B = 1, the va lue  
-42, 

= 2.0276 found by 
.- I 

T COS 29 c 1  
I -  - -. - - 
Green (Ref. 4 )  i s  i n  very good agreement wi th  the  value of 2.0270 ca lcu la ted  
here .  

F igu re  7 shows nonnaZ tuq-g&ia$, stress CT along the hole e%e on t h e  
9 
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Figure 6 

Average Value of a(2) on t h e  Hole Edge 
9 

(a) - Calculated po in t s ;  (b) - ( see  d e f i n i t i o n  [1.55]). 

e x t e r n a l  su r f ace  as a func t ion  of 8. 
t o  be 2.64. Between B = 0 and B = 1/2, t h e  value is  ex t rapola ted  and repre- 
sen ted  by l aao t -dash  l i n e  on---th<&f igure.  
however, cannot be  a t t r i b u t e d  t o  t h i s  ex t rapola t ion ,  s i n c e  l a r g e r  e r r o r s  may be  
expected i n  t h e  above values than on the above graphs. 
e n t  when w e  compare t h e  va lue  when B = 1 with  t h a t  given by Green, who computes 
t h i s  va lue  from a t runca ted  Fourier s e r i e s  which f o r  z = 1 has  t h e  form 

When B = '/2 t h i s  stress va lue  i s  found 

More than q u a l i t a t i v e  s i g n i f i c a n c e ,  

This i s  a l ready  appar- 

(-;-I r = l  = 1 + cos29 
2 = 1  

[- 2,0276 + 0,1047 + 0,0496 + 0,0271 

I 

(2.11) 1' J + 0,0168 + 0,0113 + 0,0081] = 1 + COS 29(- 1,810), 

whi le  t h e  va lue  ca l cu la t ed  h e r e  is found from 

1 = 1 + COS 29 [- 1,9854 + 0,3017 (0,9158 

/60 

f - 0,0266 - 0,0519 - 0,0337 - 0,0169}] (2.12) 
\- . 

= 1 + COS 2 ~ ( -  1,748). 
r ,  

It is  obvious t h a t  t h e  g r e a t  discrepancy is  f o r  t h e  most p a r t  caused by trun- 
c a t i o n  of t h e  series. If it  is assumed t h a t  series (2.11) and (2.12) are both 
cont inued  i n  a r egu la r  fash ion ,  an improved estimate can be made. The f i g u r e s  
which are thus  found are -1.79 and -1.77 f o r  expressions (2.11) and (2.12), 
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Figure 7 

Value of o'~' Along the Hole Edge on the External Surface 

(a) - Computed points; (b) - Value calculated by A. E. Green; 
(c) - Most probable value; (d) - Asymptotic approximation; 
(e) - Extrapolated curve for B < l/2. 

I 9 

respectively. From this it follows that the averaged value (-1.78) of Green's 
results and those found here may be considered quite reliable. 

The effect of truncating the series for B = 3/2 is smaller, as can be seen 
from the expansion 

- 0,0499 - 0,0355 - 0,0186 - 0,0085}] I (2.13) 

- - 1 +COS &(- 1,830), l1 (+) = 1 = 1 + COS 29 [- 1,9963 + 0,3031 (0,6597 
r = l  

which justifies the conclusion that the error in the stress concentration 
sought will certainly no1 be greater tk;l 0.01. 

It is more difficult to estimate the error in the quoted value when B = 
= '/2. The truncated series used to compute this has the form 

U 
- '-= 1 f COS 2p [- 1,95798 T 0,2976 (1,2291 T 0,034: 

-Oo,0858 - 0,1435 + 0,0746 -0,OI 13 - 0,0163}] =I 
= 1 f COS 2 p  (- 1,636). . . ~ " .  

(2 .14)  
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Figure 8 

Value of a12)Along the Hole Edge on the Median Plane 

(a) - Computed points; (b) - Value computed by A. E. Green; 
(c) - Curve interpolated when B < 1/2; (d) - Asymptotic 
approximation. 

0 

Norma2 tangentiaZ stress u 
is shown in Figure 8. 
which clearly .appears for a value of B between 0.5 and 1.0. The value of 
2.100 calculated here when B = 1 is again in excellent agreement with the 
value of 2.10 given by Green. 

aZong the hole edge in the median p2un.e 161 0 
As is to be expected, this normal stress has a maximum 

Figure 9 gives the course of the normal tangential s tress  on the hole 
edge over the plate thickness. It is clear that the points of intersection of 

= 2 in elementary theory lie rela- - 0 6 2 )  
the curve with the straight line T COS 26 
tively closer to the outside as the value of B increases, i.e., measured in 
units of the plate thickness. 
tersection points lie closer to the inside with increasing values of B. This 
outcome is in complete agreement with what may be expected on physical grounds. 

Measured in terms of the hole radius, these in- 

Finally, Figure 10 gives some insight into the accuracy achieved with 1 6 2  
the computations carried out when B = ’ / 2 .  The computed values of normal 
stress u 
are taken into consideration nor when the number is expanded Lo foiirteeii. 
wave nature of the latter improved solution is noticeably weaker. 
solid curve in the figure shows the path estimated from the calculations per- 
formed. 
curve by 4% at the most. 

on the hole edge lie on a smooth curve neither when ten equations z 
‘Ee 

The noted 

The points calculated by means of 14 equations deviate from this 

2 . 3  Conclusions 

A few conclusions may now be drawn on the basis of the computational 
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. Figure 9 

Course of Over t h e  Thickness Along the  Hole Edge 
4 

r e s u l t s .  

I n  t h e  f i r s t  p lace  it i s  now p o s s i b l e  t o  determine t h e  accuracy of t h e  / 6 3  
theory of t h e  plane s t a t e  of stress. 
s t r i c t e d  t o  a c i r c u l a r  c y l i n d r i c a l  hole ,  bu t  i t  may be  expected t h a t  t h e  con- 
c lus ions  drawn from them have a w i d e r  scope. 
of t h e  p lane  s ta te  of stress i s  i n  general  an exce l l en t  approximation. 
essence of the  s i t u a t i o n  i s  t h a t  normal stress CJ 

lar  t o  t h e  plane of t h e  p l a t e  which is assumed t o  be i n  plane state of stress 
zero ,  bu t  t h i s  stress i s  r e l a t i v e l y  small. The most important stress, t h a t  
is, t h e  g r e a t e s t  value of normal t angen t i a l  stress, i s  exce l l en t ly  approxi- 
mated by t h e  theory of plane stress: 
middle of t h e  p l a t e  (where t h e  g rea t e s t  stress occurs) i s , w i t h  t h e  most un- 
favorable  hole-diameter/plate-thickness r a t i o , n o  more than 3% grea te r  than t h e  
stress concentrar ion iactijr 3 cf the two-dimensional theory. For t h i s  reason 
t h e  stress concentrat ion f a c t o r s  which a r e  computed by means of t he  two-di- 
mensional theory may be considered r e l i a b l e  f o r  p l a t e s  loaded i n  t h e i r  plane.  

The computations are, t o  be su re ,  re- 

It i s  then clear t h a t  t he  theory 

devia tes  g r e a t l y  perpendicu- 
The 

z 

The stress concentrat ion f a c t o r  i n  t h e  

On t h e  e x t e r i o r  planes of t h e  p l a t e  t h e  devia t ion  of t h e  stress dis-  / 6 4  
t r i b u t i o n  from t h e  one according t o  two-dimensional theory i s  l a rge r .  
stress concentrat ion f a c t o r  can f a l l  10  t o  15% below i t s  c l a s s i c a l  value i n  
t h i s  case. This outcome is  pa r t i cu la ry  of s ign i f i cance  f o r  determining re- 
s i d u a l  stresses with the  Mathar-Soete method. 

The 

We w i l l  r e t u r n  t o  t h i s  i n  
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(a) - Compirted froTh PO equations; (b) - Computed from 
1 4  equat ions ;  (c) - E s t i m a t e d  exac t  path. 

Chapter V. 
s i o n a l  theory quickly disappears wi th  increas ing  d i s t ance  from t h e  ho le  edge. 

It s u f f i c e s  here  t o  remark t h a t  t h i s  dev ia t ion  from t h e  two-dimen- 

CHAPTER 111 

THEORY OF A PLATE LOADED IN BENDING - 165 

3 . 1  In t roduc t ion  

This chapter  w i l l  dea l  with t h e  bending of an i n f i n i t e l y  extended iso- 
t r o p i c  p l a t e  wi th  a c y l i n d r i c a l  pe r fo ra t ion .  
s o l u t i o n s  w e r e  noted which were symmetrical wi th  r e spec t  t o  t h e  th ickness  
coord ina te ,  now t h e  antisymmetric solution is soiight. 
formal  s i m i l a r i t y  between the  theory i n  Chapter I and t h e  theory t o  be elabor- 
a t e d  h e r e ,  t h e  developments i n  t h i s  chapter may be kept somewhat sho r t e r .  

While i n  Chapter I ,  only those 

3ecause cf the great 

The system of coordinates is  set up i n  t h e  same way as i n  Chapter I, and 
t h e  problem t o  be solved now i s  formulated by equations (1.1) with boundary 
c o n d i t i o n s  (1.21) and (1.23), while  boundary condi t ion  (1.22) is replaced by 



The loading moment M p e r  u n i t  of length  a t  i n f i n i t y  i s  0 
2 Mo = 1 U , Z &  z - - Th?. 

-h 3 

ch 

(3.2) 

I 

3.2 Elementary S t r e s s  D i s t r ibu t ions  

W e  s ta r t  with t h e  s o l u t i o n  f o r  t h e  p l a t e  without a ho le ,  i n  wich 0 z 
= TK z 

and a l l  t h e  r e s i d u a l  stresses are zero.  In c y l i n d r i c a l  coordinates  w e  have 

1 Z 
( 1  + cos 2y), 

1 -- -- - 
T 2 h 

' I  
icpz = 0. Uz = T ~ z  = 

The remaining so lu t ions  are derived from t h e  po ten t i a l s .  The Laplace /66 
equat ion i n  c y l i n d r i c a l  coordinates  (1.25) is 

F i r s t  examined is the stress d i s t r i b u t i o n  corresponding t o  B = c1 z log r, 
i n  which t h e  set of cons tan ts  a = 1 - 2v and y = - 2 ( 1  - v) defined by expres- 
s i o n  (1.12) i s  now used. From expressions (1.15) and (1.16) i t  then follows 
t h a t  

o r  z c l . -2(1-")  - 2 G  r2 ' 
--= 

z 
Then t h e  stress d i s t r i b u t i o n  is  s tudied  which belongs t o  A = c2 --J s i n  24; 

/67 from express ion  (1.33) it  then follows t h a t  

(3.6) 
I 0. = 0, 

I a = c2.- 1 sin 29, 
r? 2 G  
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. 

sin 
"9 z 

r* 
- =  2 G  ~ z . - 6 -  

With p o t e n t i a l  B cos 2 + y  a t h i r d  stress system 

u r  z 
= cR . 6  -7 COS 2:: 

2G ri 

Z 
c 3 .  - 6  -cos 29, - - -  

2 G  r4 

UZ = 0. 

sin 29, 2 
2 G  r3 

2 
2 G  13 

3- = c3.--  

cos 29, c3 .-- -- - Tra 

Z - 7rcP- = c3 . 6  -- sin 2Q. 
2 G  r* 

( 3 . 6 )  

/67 

(3.7) 

is  found by means of equations (1.19). 
t i o n  of expressions ( 3 . 6 )  and (3.7) provides a plane s ta te  of stress. 

It i s  noted t h a t  a s u i t a b l e  combina- 

A s o l u t i o n  of expression ( 3 . 4 )  which w i l l  a l s o  be  used i s  

From t h i s  

fo l lows  . 
c4 : 

52 

 COS^^, m e t a = 1 - 2 v e n y = - 2 ( 1 - v ) .  i 
I 

t h e  stress d i s t r i b u t i o n  

-= [ cos 2y, 

yG- = c4 [ - 12(2--v) --- 

r2 

cos 2y, r2 * 2 v z 1  122 1 1 u r  2 
2 G  r4 

9 2 

c, 12(2- I!)---- 

r4 

0, = 0. 

r9= -c , . -12-  z2 sin 20, 

T G - -  P 

ZZ 

2 G- r3 cos 2 y, - c ,  .- 12 - Trz - - 

The fol lowing choice is  now made f o r  t h e  constants  cl, c2' c3, and 



(3.9) 

T 1 a2 
2G 12 h 

c4 = -- - __ 

i n  which C and D a r e  t o  be determined s t i l l  more exact ly .  

Superposit ion of system (3.3),  (3.51, (3.61, (3.71, and (3.8) now 169 
gives t h e  elementary stress d i s t r i b u t i o n  

o r  1 2  
T 2 
-- -- -r( l-+-)+cos29-+ - 1 

a4 a2z2 ) 

ia 
- 6 C - - + D  ( 2 - ~ ) ~ )  r4 

+ 1 
T 

.*"-. 

uz = 0, 

The s t r e s s  d i s t r i b u t i o n  (3.10) s a t i s f i e s  t he  requirement t h a t  t he  
p l a t e ' s  boundary planes (z = +h) be unstressed. 
h - -t 0,  t h e  boundary loads along t h e  edge of t h e  hole  a r e  small i f  a 

For a th in  p l a t e ,  i.e., 

1 - 3 v  
12(1 + C =  

J - 2  
l + v  

D = -  

(3.11) 
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and although the  boundary loads  ar and T are of t h e  o rde r  of magnitude /70 
.-I r4 

h along the  boundary i s  of order  - Nevertheless , this .  elementary stress hL 

a 
- 

2’ ‘lrz a* 

d i s t r i b u t i o n  cannot be considered t h e  l imi t ing  case which i s  approached by t h e  

stress d i s t r i b u t i o n  i f  - + 0. I n  order  t o  show t h i s  i t  is noted t h a t  t h e  

( s m a l l )  boundary loads T~~ toge ther  form an equi l ibr ium system along t h e  whole 

boundary when r = a. 
0 < I$ < TI t o  exe r t  ‘a torque on a plate-half  0 > 4 > -T having the  magnitude 

h 
a 

On the  o the r  hand, they a l s o  cause t h e  plate-half  

(3 .12)  

This torque i s  t ransmi t ted  through the  v i c i n i t y  of t he  hole .  
bending stress has  an order  of magnitude def ined by equat ion (3.12) divided by 

ah , the r e s i s t i n g  moment of a f l a t  s t r i p  3 / 2  a wide, i .e. ,  of t h e  order  of 
magnitude T. The d is turbance  of t h e  elementary stress d i s t r i b u t i o n  (3.10), 
which i s  coupled with r e l i e f  of boundary load T 

t ra  stresses (a  T 0 ) which are of the  same order of  magnitude as bending 

stress T a t  i n f i n i t y .  

The corresponding 

2 

consequently r e s u l t s  i n  ex- r z  ’ 
@ ’  r4’ r 

J u s t  as i n  t h e  tens ion  loaded p l a t e ,  non-elementary stress d i s t r i b u t i o n s ,  
which make t h e  edge f r e e  of stress, are added t o  t h e  stress d i s t r i b u t i o n  
according t o  (3.10). I n - c o n t r a s t  t o  the tension-loaded p l a t e  t hese  non-ele- 
mentary stress d i s t r i b u t i o n s  are he re  already e s s e n t i a l  f o r  a very t h i n  p l a t e .  

3 . 3  The Eigen Functions - /71 

J u s t  as i n  Chapter I, i t  is  also poss ib le  he re  t o  f i n d  stress d i s t r i b u -  
t i o n s  by means of p o t e n t i a l s  A ,  B1, B2, which leaves t h e  boundary planes z = +h 

f r e e  of  stress. Moreover, w e  would l i k e  t o  f i n d  s o l u t i o n s  of expression (3.4) 
of t h e  type  

(3.13) 

From system (3.10) $t fol lows t h a t  the choice of cos Az o r  s i n  Xz f o r  the po- 
tential  func t ions  must b e  done i n  such a way t h a t  or ,  

ant isymmetr ical  func t ions  of z and T 

a and T become 

and ‘I become symmetrical funct ions.  
0$, z’ r+ 

r z  42 

For p o t e n t i a l  func t ion  A,  w e  now choose 

K,(Xr) sin Xz sin 2;1, TaZ 
2 G  

A = -  

It fo l lows  i n  accord wi th  expression (1.18)> when Izl = h ,  t h a t  

a, = 0, 1 ‘  
K’, (Xr) cos Ah sin 2p7 rw - -- 

T 2 J a2hz 

( 3 . 1 4 )  

(3.15) 
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(3.15) 

2 a‘ 
T r 

-= r(Pz --- cos 2 y  K,(hr) [BISX cos Ah + 
-I- B2*A cos Ah - B2*A2h sin Ah] , 

The boundary su r face  is  unstressed i f  parameter X is  s o  chosen t h a t  cos Ah = 0 ,  
thus 

~ 

k’ir 
Ar - h ’  

1 I 
(k = 0, 1, 2 . .  .) I 

2 
with k’ = k + --. 

(3.16) 

(3.17) 

By l inear combination, w e  ob ta in  - 172 
k’xr K., I-\ 

P o t e n t i a l s  B1 and B are s i m i l a r l y  t r e a t e d .  I f  i t  is  assumed t h a t  2 

-1 ‘ Ta2 
2G 

TaZ 
2G 

B, B,* -- K, ( Ar) sin Az cos 29, 

B2 = B2* - K,(Ar) sin Xz cos 29, 

* 

(3.18) 

(3.19) 

(3.20) 

For all values  of (r ,  4) t hese  stresses are zero i f  1 !  (3.21) 

The preceding system has  so lu t ions  d i f f e r i n g  from zero only i f  the determinant 

(3.22) 

&*sin hh + B,* Ah COS Ah = 0, 

B,* cos + B2* {cos - X l i  sin A:,) 9, j 

is zero ,  i . e . ,  when X satisfies t h e  equation /73 
sin 2 Ah - ?  hh = 0, 

w h i l e  t h e  r e l a t i o n s h i p  between B: and B; i s  then defined by 

B1’ = - B,* Ah Cot ?h (3.23) 
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Eigen value equat ion (3.22) aga in  has a four-fold i n f i n i t e  series of solu-  
t i ons .  

Here, too,  t h e  examination may be  l imi ted  t o  t h e  e igen  values  f o r  which 

I f  X i s  an eigen va lue ,  then - A R ,  X , and -X are a l s o  e igen  values .  R R R 

Re l AI > 0. (3.24) 
Im \ 

By l i n e a r  combination, we ob ta in  

(3.2.5) 1 
A f t e r  i n t roduc t ion  of t he  dimensionless coordinates ,  i n  accord wi th  expression 
(1.52), t h e  system wi th  the  eigen va lue  equat ion ( the  asterisks are again l e f t  
o f f )  becomes 

3.4 S t r e s ses  Along the  Boundary r = 1 

I n  o rde r  t o  be ab le  t o  f u l f i l l  t h e  boundary condi t ions f o r  r = 1, t h e  /74 
stress system (3.10) and the  systems derived from 
posed. In dimensionless coordinates ,  s y s t e m  (3.10) becomes 

expression (3.26) are super- 

I 

6 

I 

--=- UP ; z ( 1 + +)+c0s2s .n  j 1  -- + 
T ( 2  

(3.27) 
+ 6 C T + D  1 (--- 1 6 

r r2 pzr* 

I 

--=- UP ; z ( 1 + +)+c0s2s .n  j 1  -- + 
T ( 2  

(3.27) 
+ 6 C T + D  1 (--- 1 6 

r r2 pzr* 

1 uz = 0. 
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(3.27) -- 

D 
T Pr- 

T r z  D 
T /3r? 

- _ _  ‘VZ - sin 29 ---,-(z? - I ) ,  

- c0s2p---(!z~-1), 

-- T r F  - -sin 2 y  . z  1 
r‘ 6C- + - --- 

T ( *  
+D(-- 1-v -- 1 6 

r2 +-- 2 Pzr4 

when r = 1, t h i s  gives the  boundary load 

where the  supe r sc r ip t  (2) has t h e  same meaning as  i n  expression (1.55). 
means of t he  expansions which a re  v a l i d  i n  t h e  -1 < z < 1 range 

By /75 

--4 2 (- l ) k ~ ~ ~  k’rz 
2-1  = Y ( - - l < z < l ) ,  

1 
k’3n3 k = O  

- Q) :- 1) Ir sin k’rz 
z J = 6  C 

k = O  k”xZ 1 
w e  can w r i t e  the  following: 

(3.29) 

(3.30) 

(3.31) 

(3.32) 
-- --D 2 (-1)k 

6v 2 v  c- 

7;;’ 4 m cos k’rz 
k’3=3 3 

_ -  
T P k = O  
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( 3 . 3 2 )  

By means of potentials ( 3 . 2 6 ) ,  the other stress systems may also be 
derived. After some computations, it is found that when r = 1 - 176 

in which the following abbreviations are used 

( 3 . 3 3 )  

( 3 . 3 4 )  

( 3 . 3 5 )  

( 3 . 3 6 )  

Further computations take a course similar to that treated in Chapter I. 
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I 

Stresses (3.33) are expanded i n  series with respec t  t o  s i n  k’mz o r  cos k’mz / 7 7  
and, toge ther  with stresses (3.30) which are assumed t o  be  zero,  are set equal  
t o  zero by s e t t i n g  a l l  Fourier  coe f f i c i en t s  equal  t o  zero.  
t h e  following system of equat ions 

This r e s u l t s  i n  

ca 
(-1)’akpP) + Re bl$;c + C mk + D r~;‘) + Q;.:) -= 0. 

1 = 1  

i n  which t h e  newly introduced q u a n t i t i e s  are def ined by 

(3.38) j l  

(k - 0, 1, 2.. .) 
( I  = 1, 2...) li 

1‘ 
/78 

(3.39) 
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From the  second equat ion w e  have 

wherewith the  remaining equat ions are converted i n t o  

(k = 0, 1, 2, . . .) _I 
where 

A s i m p l i f i c a t i o n  i n  t h e  numerical ca l cu la t ion  i s  obtained by introducing 

(3.39) 

(3.40) 

(3.41) 

/79 

(3.42) 

(3.43) 

(3.44) 

by which t h e  system assumes t h e  following form 

!k = 0, 1, 2, . . .) 

J u s t  as i n  Chapter I ,  the  problem i s  now reduced t o  a twofold, 
tern of equat ions  wi th  twofold i n f i n i t e  unknowns C, D ,  c 1, c2, ... 
t ical  computations, system (3.4Sj is  t runcated t o  a f i n i t e  sysieiu. 
a1 remarks of Sec t ion  1 . 7 ,  i n  regard t o  the approximate s o l u t i o n  of system 
(1.73),  (1.741, are of similar per t inence here .  
t h a t  system (1.73),  (1.74) i s  not  analogous i n  s t r u c t u r e  t o  system (3.37). 
While i t  i s  clear t h a t  system (1.74) i s  t o  be i n t e r p r e t e d  as equat ions t o  de- 
termine c o e f f i c i e n t s  %, bll expressed in  D -- a f t e r  which expression (1.73) 

is  used t o  c a l c u l a t e  C and D -- a s imi l a r  i n t e r p r e t a t i o n  of system (3.37) i s  
n o t  obvious.  Undoubtedly, t h i s  d i f f e rence  i s  r e l a t e d  t o  the  chosen type  of 
Four i e r  expansion Over s i n  k’nz and cos k’nz, where now, i n  con t r a s t  t o  

i n f i n i t e  sys- 
For prac- 

Tile geiiei-- 

It must, however, be noted 
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Chapter I ,  t h e  va lue  k = 0 occupies no p a r t i c u l a r  place.  

3 . 5  The Thin P l a t e  - 180 

R I f ,  i n  t he  extreme case of t h e  i n f i n i t e l y  t h i n  p l a t e  (f3 -f m),  w e  set  c 

equal  t o  zero,  system ( 3 . 4 5 )  degenerates i n t o  two equat ions f o r  C and D w i th  
t h e  s o l u t i o n s  

( 3 . 4 6 )  

The p e r t i n e n t  stress d i s t r i b u t i o n  agrees  wi th  t h e  s o l u t i o n  determined by Goodie  
I f o r  t h e  c lass ical  p l a t e  equat ion involving a p l a t e  wi th  a c i r c u l a r  h o l e  (Ref. 8>. 

It is clear t h a t  f o r  a p l a t e  of s l i g h t ,  b u t  f i n i t e ,  thickness  t h e  solu- 
t i o n  i s  t o  be  taken i n  t h e  form of an asymptotic series. I n  t h i s  asymptotic 
expansion, i t  i s  advisable  t o  proceed from system ( 3 . 3 7 )  whose c o e f f i c i e n t s  

pk 
(n) (n) , qak , n = 1, 2 ,  . . . are developed as follows: 

1 ( 3 . 4 7 )  

1 

It is now immediately evident  t h a t  t h e  f i r s t  t e r m s  of t h e  des i r ed  asymptotic 
expans i o n  are /81 

I ‘  C(1) c - C‘O’ + -8- + . . . . , 
( 3 . 4 9 )  

1 
B S u b s t i t u t i o n  of t h i s  i n t o  (3 .37 )  and ordering by ascending powers of - l eads  
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t o  t he  equations where k = 0, 1, 2 ,  ... 
I 

12 C(O) - 2" D(0) = 1 (3.50) 

1 
By means of (3.54) and (3.55) and d3' are expressed i n  C (01, p), c(l) 

(1) 
, 

and D . 
(- l ) k + l  

(3.56) [ 2  + 24C'O) + 2(1 -v)D(O)], k"r4 ak?' = 

Expressions (3.56) and (3.57) a r e  now used t o  der ive three  equat ions,  i n  
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which only C( 0) 
(3.52) and (3.53) by eliminating bll. 

D ( O ) ,  C(l) and D(l) occur as unknowns, from equations (3.51), 
Together with expression (3.50), these 

equations determine the unknowns mentioned. Elimination of b is achieved by R 
, means of the identity 

bo 1 
T --- (3.58) k& (X?l-k'2 2 2 -  = OJ 

R )  

which is true for alleigen values A R .  

series expansions in the interval -1 5 - -  z 5 1  for all arbitrary values of A 
Identity (3.58) is obtained from the 

m - -, _..._ 

(3.59) 

(3.60) 

by chosing z = 1 and making use of the eigen value equation - / 83 

s in2A1-22~  = 0. ' 
With arbitrary values of A, we also have from 13.59) the well-known expansion 
(Ref. 31) . .. . 

while from expressions (3.58) and (3.61) for an eigen vaZue All  we have 

(3.61) 

(3.62) 

Elimination of b from expression (3.51) is now achieved by both terms 

The 
R 

only by dividing by kt2n2 and then summing over k from zero to infinity. 
result is the equation 

(3.63) 
- - Y  D"') = 0, J 

m 1  -- - (2"- I )  C (n). 
k =o k'" I 

(3.64) 

Elimination of b from expressions (3.52) and (3.53) is directly obtained by 

summation over k from zero to infinity 
R 
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I84 
(3.66) 

+ ( 1 - v )  D‘O’] = 0. 1’ 
The solution of the four equations (3.50)’ (3.65)’ (3.63) and (3.66) is 

By means of expressions (3.56) and (3.57)’ we may now calculate 

(3.67) 

(3.68) 

(3.69) 

(3.70) 

I 

The coefficients bi3) must finally be defined from the equations which follow 

from expressions (3.52) and -(3.51) when k = 0, 1, 2, ... 

1 
I t  (3.71) 

For future use, we should additionally note the relationship which is /85 

obtained from the second equation (3.71) after multiplication by kV2r2  and 
summation over k from zero to infinity 

3.6 The Moments, Transverse Forces, and Circumferential Stress 

In the technical theory of the bending of thin plates, the bending mo- 
ments M and M the torque M (= M ), and the transverse forces Q and Q 

T and T over are introduced by integration of z*or, z*a9, ZT 
9 r 9,  r9 4r r 

9r’ rz’ oz 
= ZT r4 
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the thickness. 
theory, the formulas are derived for some of these quantities. 

Finally, in order to obtain an equation with the classical 

At the boundary r = 1, expressions ( 3 . 2 6 )  and ( 3 . 2 5 )  are used to find 

1’ 
( 3 . 7 3 )  

( 3 . 7 4 )  

1 /86 
+ - ak. (-1)k.- PF’ 

+ 4vRe = brcos?hl 

- [ k E O  k’Zn2 I 
( 3 . 7 5 )  

m sin hz 

1 = 1  
I 

( 3 . 7 5 )  

--/,,-2C + D 1 - v  I------+--- p2 2 - 4 1 .  5/32 $ ]I t 6  
Circumferential stress CT is computed from ( 3 . 2 5 )  and ( 3 . 2 4 )  by means of 

expressions (1.18), (1.19), and (1.20). In dimensionless coordinates, has 
+ 

the form O+ 

( 3 . 7 6 )  
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-- . .. 

- AIz cos XZZ} + Re 2 v  2 bz . X 2 z P z .  
1 = 1  

which -- when r = 1 -- is simplified to 

(+)r=l = Z +  
[ z . D ( ~  + v )  - 

rn - 8’ Re bz . X31 cot X I  . sin Xlz + 2 ( 1  + v )  p’. 
1 = 1  

Re 2 blXZt sin Xlz + p2 Re 5 br . X31z. cos XIZ]. 
1 = 1  1 = 1  

( 3 . 7 6 )  

/ 8 7  

( 3 . 7 7 )  

by means of a = 0. The bending moment M is computed from expression ( 3 . 7 7 ) :  
r 0 

( 3 . 7 8 )  
= D ( l  + v )  + 6 v . p Z R e  2 b l . X z . 1  

1 - 1  c 

which, after introduction of coefficients c defined in expression ( 3 . 4 4 ) ,  is 
converted into R 

( 3 . 7 9 )  

Circumferential stress CI on the boundary of the surface is determined 0 
from expression ( 3 . 7 7 ) .  It is found that 

M ’ 
r = l  = ( 1  + V )  (D + 2P2Re C bz.X*zsinAl), 

1 = 1  
( 3 . 8 0 )  

for which we may also write 

For the case of the very thin plate, expression ( 3 . 6 8 )  and ( 3 . 7 2 )  may / 8 8  
be used for expression ( 3 . 8 0 )  to write 

( 3 . 8 2 )  
= ( 1 + v )  L2-f ( 3 + v  

2 + v 112 -- 
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3 . 7  Reissner ' s  Theory 

While, i n  t h e  c lass ical  theory of the bending of t h i n  p l a t e s ,  only two 
va r i ab le s  -- t h e  bending moment and t h e  "reduced" t r ansve r se  f o r c e  -- may b e  
prescr ibed  on an edge (Refs. 32 ,  3 3 ) ,  Reissner (Ref. 10) has undertaken t o  
formulate a bending theory i n  which t h e  t h r e e  v a r i a b l e s  -- bending moment, 
torque,  and t r ansve r se  f o r c e  -- may each sepa ra t e ly  assume a prescr ibed  va lue  
on an  edge. 
dimensional theory w e  may de r ive  a theory which e s s e n t i a l l y  agrees  wi th  Reiss- 
n e r ' s  theory.  

so  t h a t  expressions ( 3 . 7 3 ) ,  ( 3 . 7 4 ) ,  and ( 3 . 7 5 )  each becomes zero. Since t h e  
t h r e e  equations obtained i n  t h i s  way include th ree fo ld  i n f i n i t e  unknowns, these  
equat ions may be  f u l f i l l e d  by asduming only ao, C y  and D t o  be unequal t o  zero.  
The fol lowing s o l u t i o n  i s  found 

Green (Ref. 5) w a s  t h e  f i r s t  t o  po in t  out  t h a t  from t h e  three-  

For t h i s  purpose, t h e  c o e f f i c i e n t s  ak, b R ,  C and D are def ined 

- 4 1 ~  q=- I =  

32 ' ( 3  + V ) B '  + - 7r2 K ( q ) + -  Yrz 1, 
( 3 . 8 3 )  

16 
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S e t t i n g  b 

t i o n  t h a t  Reissner ' s  theory is  a th in-p la te  theory ( 6  is  l a rge ) .  
from t h e  asymptotic expansion ( 3 . 4 9 ) ,  the sums with the  c o e f f i c i e n t s  b are 

then  an  order  smaller i n  6 than those with a,- i n  expression ( 3 . 7 3 )  and ( 3 . 7 5 ) .  

equal  t o  zero may b e  j u s t i f i e d  by taking t h e  f a c t  i n t o  considera- /89 R 
A s  fol lows 

R 

(2) (2) 
K 

Fur the r ,  i t  i s  pointed out  t h a t  i n  t h e  expressions f o r  t h e  moments Mr , Mrm , /o\ 

and M'L' the sum over R always includes t h e  f a c t o r  v .  

are thus  independent 
It may a l s o  b e  expected t h a t  f o r  v > 0 ,  t h e  amount of t h i s  s t r e s s e d  s ta te  w i l l  
b e  s m a l l .  

form of express ion  ( 3 . 6 9 ) .  

For v = 0 these  moments 
0 

of t h e  stress s t a t e  belonging t o  p o t e n t i a l s  B1 and B2. 

Disregard of a , ,  a? ,  ... with r e spec t  t o  a i s  j u s t i f i e d  by t h e  - - n 

I f  t h e  t h i r d  equat ion ( 3 . 8 3 )  i s  used t o  c a l c u l a t e  t he  moment M w e  ob ta in  
t h e  express ion  4 '  

( 3 . 8 4 )  

This  v a l u e  agrees  wi th  t h e  moment quoted by Reissner, i f  7 i s  replaced by &. 
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It should be remarked that the coefficients of expression ( 3 . 8 3 )  together 
with a 

and ( 3 . 7 5 )  exactly zero for every v d u e  of 6. 

= 0 and bR = 0 for k, R = 1, 2, ... make the expressions ( 3 . 7 3 1 ,  ( 3 . 7 4 )  
k 

It is interesting to investigate how far this approximation theory of 
Reissner's, for large values of B ,  agrees with the asymptotic theory. For this 
purpose, the magnitude D from expression ( 3 . 8 3 )  given by D is expanded 

1 with respect to - 
B 

Reissner 

+...., ( 3 . 8 5 )  
2 16 1 1 

3 + v  7r (3  + .)' p D ~ a t s a n e r  -I_-- 

I 

from which by means of ( 3 . 6 8 )  it follows that 
I 7r4 ( 3 . 8 6 )  D&'*.aner - 

D%pt 93 b ( 5 )  
ZZ lJol* I - 

This agreement is very good. 
fore be expected only if 

Deviations from Reissner's theory may there- /90 

(a) B is not very great, i.e., for thick plates; 
(b) the influence of the variables neglected by Reissner (al, a2, ... 

and bl, b2, . . .) becomes noticeable. 
... will always be smaller than a2 , In thin plates, the values of al, 

those of ao, nor can the b While, 

as already noted above, it can be expected that the effect of the bR values on 
the moments is negligible, this is never the case for the effect on the value 
of (c1)r=z=1. 

values always be neglected in thin plates. R 

4 
Within the framework of the three-dimensional theory when b 

I 

and % are R 
neglected, with k > 0, it is still more a question of restricting equations 
( 3 . 3 7 )  to three equations with three unknowns ao, C, and D, so that the 
following solution is obtained 

128 
7rL 

-- 1' 

( 3 . 8 7 )  

The stress distributions pertaining to expressions ( 3 . 8 3 )  and ( 3 . 8 7 )  are 
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equiva len t  approximations f o r  t he  t h i n  p l a t e .  For the moment M!2), the same 
P expression is  found i n  both cases. 

CHAPTER I V  

/91 NUMERICAL mSULTS FOR A PLATE LOADED I N  BENDING 

4.1 In t roduct ion  

The numerical  ca l cu la t ions  of t h e  bending problem posed and formulated i n  
Chapter 111 cons i s t  of t he  computation of t h e  eigen va lues ,  t he  determinat ion 
of c o e f f i c i e n t s  (3.43) and t h e  approximate s o l u t i o n  of system (3.45). With a 
Poisson number of v = ' / b ,  t hese  computations are c a r r i e d  out f o r  t h e  values  
B = 1, 2, 4 and 6 ,  which reduce system (3.45) t o  10, 10, 8 and 6 real equations, 
r e spec t ive ly ,  w i th  t h e  same number of unknowns. Reference may be made t o  Chap- 
ter  11 f o r  genera l  considerat ions i n  regard t o  the  ca l cu la t ions .  

The r e s u l t s  of these  computations are co l l ec t ed  i n  s e v e r a l  t ab l e s .  The 
e igen  va lues  and K*-values i n  accord with expression (2.7) are co l l ec t ed  i n  

Table V I .  

va lues  of B ,  while  t h e  unknowns C,  D ,  and cR are noted i n  Table V I I I .  

s u l t s  i n  Table V I 1 1  are used t o  ca l cu la t e  t h e  important mechanical q u a n t i t i e s  

*(2) f o r  d i f f e r e n t  Rk "") and x Rk Tables V I 1  g ive  the  coe f f i c i en t s  x 
The re- 

M .- 

from formulas (3.81) and (3.79) f o r  r = z = 1, as w e l l  as A! f o r  r = I. 
MO T 

are given as func- r = z,= I n  f i g u r e s  11 and 12 ,  

t i o n s  of  6. The supe r sc r ip t  (2) represents  t h e  c o e f f i c i e n t  of cos 24 i n  t h e  
express ion  f o r  t h e  quant i ty .  For purposes of comparison, t hese  f i g u r e s  a l s o  
show t h e  va lues  according t o  t h e  f i r s t  term of t h e  asymptotic expansion and 
t h a t  according t o  Reissner ,  toge ther  with t h e  c lass ical  values  according t o  
Goodier. The values  according t o  Reissner are based on t h e  s o l u t i o n  (3.87). 

4.2 Conclusions 

The ch ief  purpose of car ry ing  out the computations i n  Chapters 111 and I V  
i s  t o  judge  t h e  accuracy which must be  a t t r i b u t e d  t o  the  theo r i e s  of p l a t e  /98 
bending which are used. Therefore,  s eve ra l  q u a n t i t i e s ,  which may w e l l  be con- 
s i d e r e d  t h e  most c h a r a c t e r i s t i c ,  are compared with each o t h e r  i n  the  var ious  

t h e o r i e s  ; i .e.,  t h e  value of G(*) at  t h e  edge and t h e  average value of 

~ * c r ( ~ )  over  t h e  th ickness .  
4 4 

4 
The graphs of Figures 11 and 1 2  give a t r u e  view of the  r e l i a b i l i t y  of 

t h e  t h e o r i e s .  It must be taken i n t o  considerat ion t h a t  t h e  q u a n t i t i e s  noted 
h e r e  comprise only p a r t  of t h e  corresponding mechanical va r i ab le s .  It i s  

69 



TABLE V I  

EIGEN VALUES AND K* VALUES 

- 
1,5708 
4,7124 
7,8540 

10,9956 
14,1372 

3,7488fi 1,3843 4 , 4 8 7 5  4 , 7 2 3 6 i  0,0753 
6,9500+i 1,6761 -0,7504 4,8251-i 0,0354 

10,1192$-i 1,8583 4 , 8 3 5 6  4 , 8 7  18-i 0,0209 
13,2773-t i 1,9915 4 , 8 7 7 6  4,8988-i 0,0138 
16,4299fi 2,0966 -0,9026 4,9164-i 0,0099 

K*(2X,) 

4,8445-i 0,0489 
-0,9057-i 0,0208 
4 , 9 3 2 3 4  0,0117 
4,9472-i 0,0076 
4,9567-i 0,0065 

TABLE VIIa 

VALUES OF $:)FOR f3 = 1 

K*(4Xj) K* (6A,) 

-0,9173-i 0,0281 -0,9437-i 0,0197 
-0,9510-i 0,0113 -4,9669-i 0,0077 
-0,9652-i 0,0062 - 0 , 9 7 6 6 4  0,0042 
- 0,9730-i 0,0040 -0,98 19-i 0,0027 
-0,9779-i 0,0028 4,9852-i 0,0019 

1 2 

4,0387+i  0,1484 
0,1058-i 0,1317 
0,0048-i 0,0139 
0,0049-i 0,0040 
0,0038-i 0,0020 

3 4 1 
1 

4 , 0 l 6 1 + i  0,0155 
4,02044 i 0,0660 

0,071 I--i 0,11691 
0,0024- i O,Old9 
O,O~I05-i 0,(1325 

1 

--O,oo6o+i 0,0038 
-0,O121+i 0,0102 
4 ,0124+i  0,0481 

0,0577-i 0,0497 
4,0040-i 0,0106 

2 3 4 

--0,0028+i 0,0014 
--0,0054+i 0,0030 
-4,OlOl+i 0,0085 1 
4 ,0083f i  0,0402 

0,0502-i 0,0401 

0 
1 
2 
3 
4 

I I 

TABLE VIIb 

-O,0392+i 0,1666 -O,O172+i 0,0169 -0,O064+i 0,0041 -0,0030+i 0,001 5 
0,1621-i 0,3858 4 , O  3 173-i 0,1369 4,0219+i 0,0199 -0,0095fi 0,0056 

4 , 0 4 8 9 4  0,0515 0,22244 0,3328 -0,O273+i 0,161.5 4 , 0 2 9 0  t i  0,0269 
4 , 0 2  18-i 0,015 1 --0,0()09-i 0,0673 0,27 15-i 0,3279 4 ,0225f i  0,191 1 
-0,0120--i 0,007 1 4,0311--i 0,0185 4,0683-i 0,0846 0,3157-i 0,3347 , 

I 

VALUES OF xllk *(2) FOR f3 = 1 

I 
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TABLE VIIc 

VALUES OF xRk *('I FOR f3 = 2 

1 2 3 

0 --O,1121+i 0,3525 4 ,0+19-{ - i  0,0388 -O,O157+i 0,0098 
1 0,32454 0,3664 -0,0688-1-i 0,2057 --0,O394+i 0,0325 

0,0164-i 0,0397 0,2408-i 0,2223 --O,0448-/-i 0,1637 2 
3 0,0159-i 0,O 106 4,0368--i 0,0368 0,20394 0,3699 
4 0,0124-i 0,0048 0,0022-i 0,0085 4,0134-i 0,0375 

- 

194 

4 

--0,0084+i 0,0036 
4,0176+i 0,0097 
-0,O573+i 0,0293 ' 
-0,0307+i 0,1428 ~ 

0,1821-i 0,1422 

2 - I  1 

VALUES OF xR *(2)  FOR f3 = 2 

3 4 x 
0 
1 
2 
3 
4 

--0,3648+i 1,0436 
1,14874 1,2013 
0,0664-i 0,1354 
O,O600--i 0,0352 
0,0462-i 0,0153 

1 

- -0,1331 t I 0, I 182 -O,0492+i 0,0303 
- 4,25291-1 0,7244 4,1422+i 0,1181 

0,8676-1 0,7919 4 ,1699+i  0,6037 
--0,0210--1 0,I 154 0,76704 0,6272 
- 4,0099-i 0,0 3 14 -0,0480-i 0,1412 

-d,1372+i 0,5083 
0,8553-4 2,1594 

4,3393-i 0,3244 
-0,1602-i 0,0965 
-0,091 1-i 0,0455 

0 
1 

3 
4 

2 

2 

4,6688-t-i 2,3792 
5,78934 14,631 4 

-1,1979-i 0,7136 
-4,6905-i 0,3400 

-2,45384 2,3313 

~ 

-0,0158-( i 0,11535 
-4,l  i99 4 i 0,7665 

1,41108- i 2,1931 

4,2247- 1 0,1321 
-0,4263 1 0,1672 

--O,2665$-i 0,2531 
- 1,2387+i 0,526 

-3,1856-i 3,5016 
-1,7034-i 1 , O W  

10,6096-i I 5,8675 

3 

4,0993+i  0,0628 
--0,8S06+i 1,3926 

14,2437-i 17,1326 
-3,7334-i 4,6392 

-1,332O-t; 7,7413 

~ ~ ~ 

-OJO207+i 0,0132 
--0,1241+i 0,1118 
--0,18l8+i 1,0657 

- 4 4 9  16-i 0,6092 
1,89484 2,2852 

TABLE V I I e  

4 

4,00974-i 0,0048 
4 ,0540f i  0,0317 
4 ,1924+i  0,1775 
4 , l 5 9 0 + i  1,3351 

2,2795-i 2,4116 

FOR B = 4 * (2) VALUES O F  xI1 

2 3 

--0,O233+i 0,0112 
-4,064O+i 0,0350 

-0,1187-ti 0,5378 
0,6936-3 0,5347 

4 , 1 3 2 5  - t i  0,1086 

4 

-4,0465 t i 0,02?8 
-0,3702-t-i 0,2165 
-1,4020 - t i  1,2909 
-1,2054-1 i 10,0380 

17,3889-i 18,30 14 
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1 . ... 

- 
4,76254-i 2,1144 

2,4872-i 2,5229 
0,1517-i 0,2899 

TABLE VIIg 

VALUES OF xRk *(I) FOR f3 = 6 

4 ,268244 0,2222 
-0,553l-l-i 1,5624 

1,94424 1,7125 

-----\: k I 

-1,9244+i 6,7725 
18,63234 46,8700 

4,0104-i 7,6309 

1 

-0,7628fi 0,7228 
-3,998944 16,7959 
34,82304 51,9744 

-. 
0 
1 
2 

2 
4 
6 

0,1589 -0.8281 0,2556-i 0,0748 
0,1133 -0,7271 1 0,03694 0,012-f 
0,0959 1 -0,6905 0,0107-i 0,0037 

1 

TABLE VIIh 

VALUES OF xRk FOR B = 6 

1 2 

0 
1 
2 

__ -- 
TABLE V I 1 1  

VALUES OF C,  D ,  AND cR 

I 
p l c i  D I C l  

c4 

0,1065fi 0,1086 0,7474S.i O,GC52 ' ?,3347'i '2.1 ! 35 
J,O923-i O,OKJl  3,1110-i 3,0155 -0,3152fi 0,0623 
0,O 105+i 0,0024 O,0326+i 0,0026 - 
0,0028fi 0,0004 i -  - 
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11.44 

1.36 

1.28 

1.20 

1.12 

1.04 

0.96 

0.88 

0.80 

0.72 
P- 

Figure 11 

Aloiig the Edge 01 iile Hoie on t n e  Externa i  Plane T.r,d.Le of ,-r (2 1 
“ 4  

(a) - Calculated po in t s ;  (b) - Asymptotic approximation; (c) - 
Values according t o  E. Reissner ;  (d) - Values according t o  J. N. 
Goodier . 

always t r u e  t h a t  

(0) and i n  t h e  var ious  t h e o r i e s  o io ’  and M4 have t h e  same value.  The relative 
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I 1.44 

1.36 

1.28 

1.20 

1.12 

1.04 

0.96 
.. 1 

0.88 

0.80 

0.72 
B -  

Figure 12 

Moment Along the Edge of t he  Hole 
9 

(a) - Calculated po in t s  ; (b) - Asymptotic approximation; 
(c) - Values according t o  E. Reissner;  (d) - Values according 
t o  J. N. Goodier. 

d e v i a t i o n s  i n  the  maxima from t h e  mechanical va r i ab le s  w i l l  thus  always be  
smaller than the  devia t ions  from t h e  noted va r i ab le s .  But t hese  d i f f e rences  
have an effect  on the  conclusions which can be  drawn: 

(a) t h e  c l a s s i c  s o l u t i o n  has  only a very r e s t r i c t e d  app l i ca t ion ;  

74  



(b) 
(c) on t h e  su r face ,  only t h e  three-dimensional theory is  r e l i a b l e .  

t he  theory of Reissner  i s  exce l l en t  as an average-value theory;  

Although these  conclusions are based on the  r e s u l t s  which are obtained i n  
ca l cu la t ing  a s p e c i a l  problem, the bending of a l a r g e  p l a t e  w i th  a c i r c u l a r  
hole ,  i t  may never the less  be  expected t h a t  t h e i r  scope is  much wider and t h a t  
they are of genera l  app l i ca t ion  i n  p l a t e  bending problems. 

Reissner 's  theory i s  adequate t o  compute t h e  moments which occur,  as is  
clear from Figure 12 .  The maximum e r r o r  which appears i n  t h e  moments is  no 
more than 2%. The f a c t  t h a t  methods of c a l c u l a t i o n  according t o  Reissner  f o r  
thin p l a t e s  g ive  good r e s u l t s  may be explained by means of formula ( 3 . 8 6 ) .  
is  no t  a u t o m a t i c a l b  clear,  however, t h a t  t h i s  theory a l s o  g ives  t h e  approxi- 
mately t r u e  value f o r  t h e  moments i n  p l a t e s o f  medium thickness. 
age t o  t h e  l i m i t  f3 -+ 0 (which i n  i t s e l f  i s  meaningless) is  made i n  formula 
( 3 . 8 4 ) ,  w e  ob ta in  t h e  expression 

It 

I f  t h e  pass- 

r = O  
I 

( 4 . 1 )  

t h e  exact value f o r  t h e  t h i c k  p l a t e .  
obtained from the  numerical ca l cu la t ions  when B = 1, gives  an explanat ion of 
t h e  good agreement found over t h e  whole region of t he  r a t i o  of hole-diameter 
t o  plate- thickness .  

This r e s u l t ,  toge ther  wi th  t h e  va lue  /lo1 

It gaes without  say ing  t h a t  f o r  t y p i c a l  stress concentrat ions i n  t h i c k  

every average-value theory must be  i n s u f f i c i e n t .  p l a t e s ,  like(3) T z = r = l '  
This i s  a l s o  t r u e  of Reissner 's  theory.  
t h e  e r r o r  i n  t h e  va lue  found with t h e  classical theory i s  j u s t  as g r e a t  as 
t h a t  found by Reissner ' s  theory.  I n  a p l a t e  which i s  not  t oo  t h i n  t h e  e r r o r  
he re  i s  on t h e  order  of magnitude of 7%. 

It i s  remarkable, however, t h a t  he re  

CHAPTER V 

THE MATHAR-SOETE METHOD / l o 2  

5.1 In t roduct ion  

T'nis chapter  w i l l  d i scuss  t he  t h e o r e t i c a l  foundation of an experimental  
method of determining t h e  r e s i d u a l  stresses on t h e  ex te rna l  su r f ace  of a s t ruc -  
t u r e  by measuring t h e  changes i n  straiq which occur a f t e r  a c y l i n d r i c a l  ho le  
is  bored. This method i s  known i n  the  l i t e r a t u r e  as t h e  Mathar-Soete method 
and, i n  s h o r t ,  reduces t o  gluing t h r e e  small s t r a i n  gauges on t h e  f a c e  of t h e  
s t r u c t u r e ;  they are symmetrical to,and a t  t h e  same d i s t ance  from,the ho le  
which i s  t o  b e  bored. From t h e  ind ica t ions  of t h e  s t r a i n  gauges, i t  is  possi-  
b l e  t o  compute t h e  p r i n c i p a l  stresses on the  su r face  of t he  s t r u c t u r e ,  as w e l l  
as t h e  a n g l e  which t h e  p r i n c i p a l  s t r e s s e s  make wi th  a f ixed  system of axes. 

It is  ou t s ide  of t h e  scope of t h i s  paper t o  e n t e r  i n t o  t h e  d e t a i l s  of t h e  - -  - 
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experimental  execut ion of t h i s  method. 
from the  r e q u i s i t e  formulas l ikewise  remains unt rea ted .  
e x i s t i n g  l i t e r a t u r e  ( e spec ia l ly  Refs. 12 and 16) i s  t o  be  consul ted.  

Conclusive c a l c u l a t i o n  of t h e  stresses 
For these  th ings  t h e  

The problem t h a t  i s  t o  b e  t r e a t e d  i n  t h i s  chapter ,  however, is  the  e f f e c t  
of t h e  three-dimensional state of stress on t h e  ind ica t ions  of t h e  s t ra in  
gauges. I n  t h e  l i t e r a t u r e ,  t o  be  su re ,  i t  is  unusual t o  c a l c u l a t e  from t h e  
s tandpoin t  of a two-dimensional s t a t e  of stress, although c e r t a i n  pub l i ca t ions  
have been conscious of t h e  f a c t  t h a t  devia t ions  from t h i s  s t a t e  of stress 
should b e  taken i n t o  cons idera t ion  (Refs. 15, 6 ) .  

I f  i n  t h e  two-dimensional state of tens ion  the p r i n c i p a l  stresses are 
given by T and T2+-and the  T 1 1 d i rec t ion  coincides  with the X-axis, then 

/ l o 3  according t o  expression (1.24) i t  is t r u e  f o r  t h e  whole p l a t e  t h a t  - 
4. 1 Ti + T, +TI - T2 
? -  cos 29, 

cos 29, 

= -__ 
2 

Ti + T, Tl-TT, 
2 2 

_- - uql = 

Afte r  t h e  hole  has been bored, t h e  two-dimensional stresses are (compare 
expressions [1.33] and I [1.34al) 

The stress changes t o  b e  measured are thus 

J 
(5.3) 

The prime ( ' )  i n d i c a t e s  t h a t  t hese  are changes i n  t h e  va r i ab le s .  From expres- 
s i o n  (5.3) t h e  tens ion  changes may be  computed, and from them t h e  predic ted  
i n d i c a t i o n s  of t h e  s t r a i n  gauges. 
e n t i r e l y  complete f o r  t h e  s impl i f i ed  assumption of a two-dimensional s ta te  
of stress, and w i l l  now be  made complete. / l o 4  

The thus found formulas are, however, not  

To s impl i fy  t h e  nQtaf ion, the grimes on..the-stress and s t r a i n  changes w i l l  
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be omitted in this chapter and T will be set equal to zero. Furthermore, the 
radius of the hole is introduced as the unit of length. 

2 

5.2 General Formulas 

5.2.1 Transformation of the System of Axes of the Strain Gauge 

Stress T acts in the X-direction. Rectangular strain gauge 2d in 
width and R in length is glued at the angle ci (see Figure 13). 
system whose x-axis makes an angle a with the X-axis gives the rectangular 
coordinates of points on the strain gauge. 
over the gauge, it is necessary to define the magnitudes of deformation with 
respect to this system. It is clear that 

A new (x, y) 

Since the strain must be averaged 

whence 

-1 I x = rcos ( y - a ) ,  
(5 4 )  

dx = COS ( ( P - Q )  dr-rrin ( p - a )  dg, 

dy = sin ( 9 - a )  dr + rcos ( c - a )  di.  
I 

/ lo5 

For the tensions in the new coordinates 

(5 5) 
e, = E ~ c o s ' ( ~ - ~ )  + e P  ~i" '(~-~Q)--~~sin(rp-acr)cos j j - f i l .  

cy = ersin2(cp-a) + E~ c o s 2 ( ~ - a )  + Yp,sin(q-a)cos (rp-a). 
4 

holds true; from this it directly follows that 

5.2.2 Relative Change in Resistance 

In a homogeneous strain field E E the relative change in strain 
x' Y AR 

R gauge resistance, -, consists of two components, parallel to the longitudinal 
and transverse strain, respectively 

- K I  E X  + Kd ~ y .  
A R  
R 

-_ - 

K- and Kd =re  dzffncd by t h i s  iormuia. L 

In an inhomogeneous elastic field, integration must be carried out over 
the whole filament of the strain gauge. The relative change in resistance now 
becomes 

in which K is the strain gauge constant for a single filament, L the whole 
length of the filament, and E is the strain in the filament direction. 
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Figure 13 

Location of Strain Gauge with Respect to the Hole 

If the strain gauge consists of an adequately large number of windings, 
expression (5.7) may, with good approximation, be replaced by /lo6 

in which the first term represents the (most important) contribution in the 
longitudinal direction of the gauge, while the second and third terms are 
derived from the transverse filament elements located at the ends of the band. 
The quantities 7 and are defined by 

X Y 

- 1 +e - (5. lo) 
If E" dy, 

I 
Ey = - 2d -h 

where c is the distance from the front edge of the strain gauge to the origin 
(see Figure 13). 

If the measuring bridge is as usual set at the standard constant 2, the 
AR value measured is p = ' / 2  y. 

T Since E and E are parallel to -, we can write 
X Y E 

p = ' / z - = P . - +  A R  T ( Q + R ) .  __ T cos 2n. 
R E E 

(5.11) 

It is the aim of the calculations to find expressions for P, Q, and R. The 
(artificial) division of - cos 2a into (Q + R) indicates the difference in 
nature between the elementary and the non-elementary part of the coefficient. 

T 
E 

. __ 
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5.2.3 Some I n t e g r a l s  / lo7  

Before proceeding t o  t h e  a c t u a l  ca l cu la t ion ,  w e  w i l l  he re  g ive  sever- 
a l  elementary i n t e g r a l s  which play an important r o l e  i n  computing the  va r i ab le s .  

These i n t e g r a l s  are def ined by means of t he  following r e l a t i o n s h i p s :  

COS 2((p - a)  = cos2((p -a ) -  sinz(p - a) = 
x' + Y2 

J' C O S ~ Q  = cos2(p-a) 

sin 2p = sin 2 ('p - a) 
cos2a-sin2(p-a) sin 2a, 

sin 2a + sin 2 ('p - a )  cos 2a. 

It i s  found t h a t  

2d +d cos2jrp-a) - dy. - -- 
-4 r2 

~- - - 
y.! + d2 ' 

I d +d C O S ~ ( ( P - ~ )  1 dy 1 dx. -___ 
-d c r* 

," dy. 'Os (2a- 4p) - 2d (x' - d') -  COS^^. 
-d P (x2 + d2)* ' 

(5.12) 
I 

(5.13) 

(5.14) 

(5.15) 

C - 1  +; dy pz& cos (2a - 4p) = COS 2a .  2d 1 7 -  
-d e rz c + d  L I (5.16) 

c + l  
- d2 + (c + I ) * ]  ' 1 

+d cos (2a - 497) d(3x2-d*) 1 -- - cos 2a .  'A. ViZjS 2 - _  
r* 1 dY 

-<I 

-1 cos (2a - 4 p )  = cos 2a.  - c ? [ (cz + d2)z 
j d d y y d x  1A 
-d c 

c f l  --- 
(d2 + ( C  + l ) 2 j P ]  e 1 

(5.17) 

(5.18) 



5.3 Calculating Deformations /lo8 

5.3.1 Pure Tension Loading 

The stress variations along the surface z = 1 are determined by the 
following formulas (see also expressions [1.104], [l.lOS]) 

t 
o r  4(1  f v )  
T 

- -=- 

(5.19) 

(5.20) 

/ 109 

(5.21) 
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and y are calculated by means of 
r4 From formulas (5.12) to (5.21) 

Hooke's law Er, 

01. - vup 

E '  er = 

up - vur 
E '  ep = 

1 
(5.22) 

The first two formulas hold true here because 0 = 0 over the sur- /110 z 
face. ForeZkYU deformations it is now found that 

f cos23 - 6 j l  + vjC- 1 
P T  

1 ) +  

I --t E& = I'.,i- '1 t v j  
T - r2 

+ D . 4 v ( l  + v )  I-- 

(5.23) 

(5.24j  
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(5.25) 

I111 

From s t r a i n s  (5.23) t o  (5.25), E~ and E 

s ions  (5.5) and (5.6).  Af te r  some ca l cu la t ion  i t  is  f o u n d t h a t  t h e  p a r t s  of 
E and E s y m e t r i c a z w i t h  r e spec t  t o  the y-axis are 

are ca l cu la t ed  by means of expres- 
Y 

X Y 

cos 2 ( y  - a )  ( 6C- -- E&=* -- 
T 

12v ' cos ( 4 p  - 2rr) cos ( l u - 2 a l  ~ 

e r' --D) + 2 \ 1  i v ) D .  8- r' 

and 

- 1 3 v  ) COS (4yr--2a) 
BZ r2 

COS ( 4 p  - 2a) - - - D  __-___ + 2 ( 1  + v ) D - - - - - - - -  

1 
Li I '  - ( I  + Y )  C a k ( - l ) k  

(5.26) 

I112 

(5.27) 
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+ ( 1 - 2 )  R e z  blcoshz 
1 I' 

(5.27) 

From expressions (5 .26 )  and (5.27) Fx and 
pressions (5.10) and (5.11). Here use is made of the integrals which are 
computed in Section 5.23. Then p ,  in which the coefficients P, Q, and R occur, 
is determined by means of expressions (5.9) and (5.12). For convenience these 
coefficients are broken up as follows: 

are calculated in accord with ex- 
Y 

P = P, + P,1 + P?? 1' 

in which the various portions are given by 

- arct? ~ 

Ki(1 f V )  \ d p, =--- 
C 4d1 

- c f l  C---D,), 2 v  
( ( c + I ) 2 + d 2 ) 2 ( (  ( p' 

(5.28) 

I113 

(5.29) 

(5.30) 
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Kd(l + v)' C2-dd? 
2 .D, 

(cZ + dZ)? Q1i = - 

&(1 + v) '  

2 
( c  f l)?-d'  -~ * 

( ( c  f 1)?  + d')' .D; Q4z = - 

(5.31) 

/ 114 

- y) + h2$' K2(h$r) 
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( 5 . 3 4 )  

If very narrow s t r a i n  gauges are used w e  may i n  t h e  f i r s t  approxima- /115 
t i o n  assume d = Kd = 0. 

ably s impl i f i ed  s ince  t h e  i n t e g r a l s  may b e  considered d e f i n i t e .  

I n  t h i s  case, t h e  forms ( 5 . 3 3 )  t o  ( 5 . 3 4 )  are consider- 

The l i m i t i n g  case d = 0 g ives  

Kz(1 + v )  1 Pi = - 
4 - c ( c  + I ) '  

P,, = P2? =o; 

1 
* c ( c  + 1 )  *Dy . .I-" Q3 = -Ki (1  + v ) '  

1 
Qj - K l ( l - ~ ' )  .--.D; 

c j c  + 1 )  

Kz ( 1 - v ' )  
Re C. bl cos Az R, _ _ _ _ _ _  

1 2 

(5.35) 
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It is clear that constant P is entirely defined by the two-dimensional /116 
theory (see expression [5.29]). 
expressed only in the constant Q + R. 

The three-dimensional perturbation thus is 

5.3.2 Some Numerical Results for Pure Tension 

The voluminous numerical computation was carried out for some cases. 
This can give adequate insight,on the one hand,into the three-dimensional per- 
turbation of the two-dimensional theory andyon the other hand,into the effect 
of the finite width of the strain gauge. Here v is always taken to equal '/I+, 
while c = ' / 3  and R = 4. 

The comparison is based on strain gauges of different widths, all of 
which have the same resuZtmt strain gauge constant K 

S-breSS . 
K to longitudinal sensitivity KR (see Section 5.22). 

by van Dongen is used for the strain gauge constant K . 
ratio of 2, the experimental value of 0.028 is established for the transverse 
sensitivity x of a strain gauge. 
be zero. Table IX 
d = 0 or 1 and B = ? / 2  or m. 

in a state of linear 
transverse sensitivity 
The value of 2.01 found 
For a length/width 

r The symbol x is introduced for the ratio of 
d 

r 

For a narrow strain gauge, x is assumed to 
ives the computational results for the four combinations 

TABLE IX 

0 1 1  -0,1738 -0,0665 

p = 1 -0,2449 0,0615 1 1  -0,1834 1 -0,0665 
1 ,  

d = O  

0 ' -0,1388 -0,0552 I 
I 

/ I  
' I  

d = l  

p 7 -0,1701 1 0,0270 -0,1431 -0,0552 
I /  

The table indicates that the effect of plate thickness on coefficient /117 
Q + R is slight. 
l a t l o i i ah lps  or' the measurements, in particular if the strain gauge is brought 
still closer to the edge and is shorter, it may be expected with certainty 
that the correction to the result of the two-dimensional theory is always 
of subordinate importance. 
finite width of the strain gauge, as may be gathered from the results which 
are given for the same value of B and with various values of d. 

Although perhaps a greater effect can appear f o r  ether re- 

Of much greater significance is the effect of the 

. '5.3.3 . Pure Bending 

We treat the bending of a performated plate loaded by a bending 
moment Mo operating along an edge parallel to the Y axis. The formulas of 
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Chapter 111 can b e  applied here.  

There i s  no poin t  i n  repeat ing the ca l cu la t ions ,  which a r e  q u i t e  s i m i l a r  
Merely the r e s u l t s  of the  comrmtations are given. t o  those i n  Section 5.3.1. 

We f ind  

KI(1-v') ' c c f l  
41 ( cz f dZ - ( c  + l ) z  + d2 ) * D' 1 Q3 =-  

Kd(1-v') c'-dZ -- 
8 ' (c2 + d2)Z 'D' 

& ( l - v z )  ( C  f 1)'-dZ -- 
8 ( ( ~ + l ) ~ + d ~ ) ~  'D;  

arctg - D, Kz(1-v') ( d 
4d1 tarctg -- C c +  L j '  

&(I -  4 1 

& ( f - - 2 )  1 

* c2 + dZ 'DJ 8 

8 ' ( c  + l ) z  + dZ * D ;  

(5.36) 

(5.37) 

/118 

(5.38) 

(5.39) 
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I ;  . [ p Y  {----I x = c+l 

5.3.4.  Adaptation of Reissner’s  Theory 

(5 .40 )  

I 1 1 9  

(5.41) 

The r e s u l t s  of s e c t i o n  5.3.2 demonstrate t h a t  with pure tens ion  the  
p l a t e  th ickness  has  merely s l i g h t  e f f e c t  on the  measured s p e c i f i c  v a r i a t i o n  i n  
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r e s i s t a n c e  of t he  s t r a i n  gauge. 
however, i t  is t o  be  expected t h a t  with pure bending t h e  e f f e c t  of p l a t e  
thickness  w i l l  be  much g r e a t e r ,  as i s  a l s o  ascer ta ined  by the  experiments 
(Ref. 1 6 ) .  F i n a l l y ,  t o  ob ta in  q u a l i t a t i v e  i n s i g h t  i n t o  t h e  connection e x i s t i n g  
between s p e c i f i c  r e s i s t a n c e  v a r i a t i o n  and p l a t e  th ickness ,  without again having 
t o  ca r ry  out  voluminous computations, t he  f a c t o r  Q + R is  ca l cu la t ed  by means 
of t he  Reissner  theory f o r  a l i n e a r  s t ra in  gauge; f a c t o r  P is  a l ready  ex- 
p la ined  e n t i r e l y  by t h e  classical  theory. 
v a r i a b l e  (3.87), while  t h e  given s t r a i n  gauge parameters are 

Based on t h e  r e s u l t s  repor ted  i n  Chapter I V ,  

Our s t a r t i n g  poin t  i n  this  i s  the 

d = 0, c = 2, R = 4 ,  Kr = 2.01. 

Figure 1 4  r ep resen t s  t h e  r e s u l t .  For f a c t o r  Q + R the  devia t ion  from t h e  
classical  theory i s  very important.  

,(O + R )  - 0.120 

-- berekend met  de benadering volgcns 

-.-.-.- bcrekend met de benadering volgens 

(a) 
(b) 

E. Reissner 

J.N Goodier 
-0.100 cT--- 

I 

IT - 0.000 

- 0.060 u- 
I 
\ 

I 

I I -0.020 , I 

/ 120 

Figure 1 4  

Coe f f i c i en t  (Q f R) f o r  a Linear S t r a i n  Gauge i n  t h e  
Case of Pure Bending. (For given s t r a i n  gauge parameters see t h i s  page.) 

(a) - Calcula ted  wi th  approximation according t o  E. Reissner ;  (b) - C a l -  
c u l a t e d  wi th  approximation according t o  J. N. Goodier 

Fromthe r e s u l t s  i n  Figure 11, Reissner 's  theory seems r a t h e r  unsui ted f o r  
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giving i n s i g h t  i n t o  displacements on the sur face .  The g r e a t  d i f f e rences  which 
may e x i s t  on t h e  hole-edge r = 1 w i l l ,  however, a t  values  of r > %2 a l ready  
be  s u b s t a n t i a l l y  reduced because the  d i f fe rences  wi th  respec t  t o  the  classical 
theory decrease exponent ia l ly  with radius  r according t o  expression ( 3 . 2 6 ) .  
This phenomenon i s  c l e a r l y  i l l u s t r a t e d  by Figure 3 f o r  t h e  case of pure t e n s i o n  

5.4 Comparison of Theore t ica l  and Experimental Values 1121 

It i s  i n t e r e s t i n g  t o  f i n d  out  whether t h e  complicated theory which i s  de- 
veloped he re  i s  capable of explaining the known experimental  q u a n t i t i e s .  
group of measuremental r e s u l t s ,  f o r  which a l l  parameters are accura te ly  known, 
i s  t h e  one given by van Dongen (Ref. 15) .  Van Dongen has  r e s t r i c t e d  h i s  meas- 
urements t o  s t r a i n  measuremepts on a p l a t e  with t h e  following s t r a i n  gauge 
c h a r a c t e r i s  t i c s  

A 

I 

I 
Y 0,274; c = 5/3, 1 = 4, d = 1; K, = 2,01, x = 0,028 

I H e  f i n d s  

P = -0,0590, 
Q 4- R = -0,1394. 

The t h e o r e t i c a l  values  computed i n  § 5.3.2 are r e l a t e d  t o  

v 0,25; c '!j, I c 4, d = 1 I K, = 2,01, 0,028 

and are (see  Table IX) 

P = -0,0532, 
Q J- R - - 0 . I l l I .  

It may be  s a i d  t h a t  t h e  agreement is very s a t i s f a c t o r y .  

The dev ia t ions  may have t h e i r  o r ig in  i n  the  following causes: 

1. v does n o t  have t h e  same value ;  
2. t o l e rances  i n  t h e  experiment must be ad jus ted  t o  the  values  of R and 

3.  the t h e o r e t i c a l  values  are sur face  averages,  bu t  must be  l i n e a r  i n t e -  

4 .  the manner of loading i n  t h i s  experiment is  n s t  iCea1 i r i  na tu re ,  as 

c; 

g r a l s  along the  s t r a i n  gauge f i lament  (see § 5.2.2; 

is  assumed i n  theory.  

I n  summary w e  may say  t h a t  relative r e s i s t a n c e  v a r i a t i o n s  i n  t h e  s t r a i n  
gauge are always predic ted  with good approximation by three-dimensional theory.  
In  most cases, however, w e  w i l l  be  a b l e  t o  make do with an even s impler  theory.  
Thus, according t o  9 5.3.2,for pure tension t h e  c lass ic  two-dimensional theory 
is  almost always s u f f i c i e n t l y  accura te ,  while f o r  pure bending the  correc- 1122 
t i o n  according t o  Reissner ' s  theory i s  f o r  t h e  most p a r t  adequate ( §  5 .3 .4 ) .  
The numerical parameters given i n  Chapters I1 and I V  are c e r t a i n l y  s u f f i c i e n t  
i n  any conc re t e  case t o  a s c e r t a i n  t o  what degree t h e  s impl i f i ed  theory may be  
r e l i a b l y  app l i ed .  

90 



1. Kirsch, G. D i e  
l e h r e  (Theory 

2. F i lon ,  L. N.  G. 
z.v.D.I., 42, 

1123 REFERENCES 

Theorie d e r  E l a s t i z i t a t  und d i e  Bedurfnisse der  Fes t igke i t s -  
of  E l a s t i c i t y  and t h e  Requirements of S t r e s s  Analysis) .  
797, 1898. 
On an Approximative Solu t ion  f o r  t h e  Bending of a Beam of 

Rectangular Cross-section. Ph i l .  Trans. Roy. Sec. A 201, 
3. Love, A. E. H. Mathematical Theory of E l a s t i c i t y ,  4 th  Ed., 

1934. 
4. Green, A. E. Three-dimensional S t r e s s  Systems i n  I s o t r o p i c  

Trans. Roy. SOC. Lond. A, 240, 561, 1949. 
5. Green, A. E. The E la s t i c  Equilibrium of I s o t r o p i c  P l a t e s  

Proc. Roy. SOC. A,  195, 533, 1949. 

63, 1903. 
Cambridge, 

P l a t e s  I. P h i l .  

and Cylinders.  

6. 

7. 

8. 

9.  

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 
20. 
21. 
22. 

Sternberg,  E . ,  Sadowsky, M. A. Three-dimensional Solu t ion  f o r  t h e  S t r e s s  
Concentration Around a Ci rcu lar  Hole i n  a P l a t e  of Arbi t ra ry  Thickness. 
J. Appl. Mech., 16,  27, 1949. 

Bickley, W. G.  The Ef fec t  of a Hole i n  a Bent P l a t e .  Ph i l .  Mag., 6 ,  48, 
1014, 1924. 

Goodier, J. N .  The Inf luence  of Ci rcu lar  and E l l i p t i c a l  Holes on t h e  Trans- 
verse Flexure of E las t ic  P l a t e s .  Ph i l .  Mag., 7, 22, 69, 1936. 

Reissner ,  E. On the Calculat ion of Three-dimensional Correct ions f o r  t h e  
Two-dimensional Theory of Plane S t ress .  Proc. F i f t een th  Semi-ann. East. 
Photoel.  Confer., 23, 1942. 

Reissner ,  E. The Ef fec t  of Transverse-Shear Deformation on t h e  Bending of 
E l a s t i c  P la t e s .  J. Appl. Mech., 12, 69, 1945. 

Mathar, J. Ermitt lungen von Eigenspannungen durch Messung von Bohrlochver- 
formungen (Residual S t r e s s  Data from Measurement of Borehole Deformatiod. 
Arch. f .  d. Eisenhtittenw., 6 ,  277, 1932. 

of Residual  S t r e s ses .  Proc. SOC. Exp. S t r .  An. ,  8, 17,  1950. 

Suppl., 354 s ,  1949. 

(Measurement of Residual S t r e s ses  i n  Depth). L a s t i j d s c h r i f t ,  4,  17,  
1948. 

v. Dongen, L. Bepalingen van las- en gietspanningen (Determining Welding 
and Cast ing S t r e s s e s ) .  Ingenieur ,  63, 0.45, 1951. 

Boi ten,  R. G . ,  t e n  Cate, W. A Routine Method f o r  t h e  Measurement of Re- 
s i d u a l  S t r e s ses  i n  P la t e s .  A p l .  Sc. BES., A,  3 ,  318, 1953. 

Biczeiiu,  C. B . ,  Grammel, R. Technische Dynamik (Engineering Dynamics), 
I ,  5 17 ,  Be r l in ,  1939. 1124 

Boussinesq, J .  Applicat ions des P o t e n t i a l s  ( P o t e n t i a l  Applicat ions) ,  P a r i s ,  
1885. 

Watson, G.  N .  Theory of Besselfunct ions,  2nd Ed., Cambridge, 1944. 
Whit taker ,  E. T . ,  Watson, G. N. Modern Analysis,  4 th  Ed., Cambridge, 1946. 
H t i t t e ,  I ,  25th Ed., 168, Be r l in ,  1925. 
Papkovich, P. F. 

Soete,  W . ,  Vancrombrugge, R. An I n d u s t r i a l  Method f o r  t h e  Determination 

Soete ,  W. Measurement and Relaxation of Residual  S t r e s ses .  Weld. J. R e s .  

Soete ,  W . ,  Vancrombrugge, R. H e t  meten van eigenspanningen i n  d i e p t e  

D e  ui tdrukking voor de oplossing van de fundamentele 
elasticiteits-vergelijkingen i n  harmonische f u n c t i e s  ( i n  R) [The Ex- 
p r e s s i o n  f o r  t h e  Solu t ion  of t he  Basic E l a s t i c i t y  Equations i n  Harmonic 
Funct ions ( i n  R) 1 .  Akad. Nauk. SSSR, Phys. M.S., 10,  1425, 1932. 

91  



23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32.  

33. 

34. 

Eubanks, R. A. ,  S ternberg,  E. On t h e  Completeness of t h e  Boussinesq- 
Papkovich S t r e s s  Functions. J. R a t .  Mech. Anal., 5, 735, 1956. 

Table of the  Besselfunct ions Jo(z)  and J ( z )  f o r  Complex Arguments, Ed. by 
Comp. Lab., N.B.S., New York, 1947. 

Table of t he  Besselfunct ions Yo(z) and Y1(z) f o r  Complex Arguments, Ed. by 
Comp. Lab., N.B.S., New York, 1950. 

Hayashi, K. F i infs te l l ige  Tafeln der K r e i s  und Hyperbelfunktionen (Five- 
P lace  Tables of Ci rcu lar  and Hyperbolic Functions).  Be r l in ,  1931. 

Horvay, G. The End Problem of Rectangular S t r i p s .  J. Appl. Mech., 20, 
87, 1953. 

Hillmann, A. P. ,  Sa l ze r ,  H. E.  Roots of s i n  z = z .  Phi l .  Mag., 7 ,  34, 
575, 1943. 

Fadle,  J. 
Scheibe (Residual S t r e s s  Eigen-Value Functions of Square P l a t e s ) .  
Ing. Arch. 11, 125, 1941. 

1953. 

Applicat ion of I n f i n i t e  S e r i e s ) ,  3rd Ed., § 50, Ber l in ,  1931. 

b r idge ,  1934. 

Chapt. V I ,  Ber l in ,  1939. 

t i c  Rod of Ci rcu lar  Section. Trans. Roy. SOC. Edinb,,  49, 895, 1913. 

1 

D i e  Selbstspannungs-Eigenwertfunktionen der  Quadratischen 

Kellogg, 0. D. Foundations of P o t e n t i a l  Theory, Chapt. V I ,  New York, 

Knopp, K. Theorie und Anwendungen der  unendlichen Reihen (Theory and 

Love, A. E. H. Math. Theory of E l a s t i c i t y ,  4 th  Ed., Chapt. XXII, Cam- 

Biezeno, C. B., G r a m m e l ,  R. Technische Dynamik (Engineering Dynamics). , 
Dougall, J. An Analy t ica l  Theory of t h e  Equilibrium of an I s o t r o p i c  E l a s -  



SUMMARY 

I n  t h e  classical  theory of e l a s t i c i t y ,  t h e  s o l u t i o n  of problems concerning 
s t r e t c h i n g  and bending of p l a t e s  i s  usua l ly  based on the  theory of genera l ized  
plane stress. It i s  t o  be expected t h a t  i n  some cases t h e  devia t ions  from t h e  
c l a s s i c a l  theory,  due t o  the th reed imens iona l  cha rac t e r  of t h e  stress d i s t r i b u -  
t i o n  w i l l  become important.  For t h e  s p e c i a l  cases of s t r e t c h i n g  and bending of 
an i n f i n i t e  p l a t e  wi th  a c i r c u l a r  c y l i n d r i c a l  ho le ,  a r igorous ana lys i s  i s  
developed i n  t h i s  t h e s i s .  
complex eigenfunct ions,  whose genera l  theory w a s  developed some years  ago by 
Green @f.5).It i s  t h e  purpose of t h i s  i nves t iga t ion  t o  examine t h e  e f f e c t  of t h e  
p la te - th ickness  on t h e  stress d i s t r i b u t i o n  and t o  d iscuss  t h e  e r r o r s  due t o  t h e  
approximate charac te r  of cur ren t  two-dimensional t heo r i e s .  Although t h i s  in-  
v e s t i g a t i o n  covers only some s p e c i a l  problems and i s  not  intended t o  g ive  a 
genera l  theory ,  i t  i s  bel ieved t h a t  t h e  conclusions a r r ived  a t  he re  w i l l  hold 
more genera l ly .  
t h e  ca l cu la t ions  made f o r  t h e  threedimensional  stress d i s t r i b u t i o n  a l s o  provide 
a t h e o r e t i c a l  b a s i s  f o r  t h e  method of Mathar-Soete f o r  t h e  measurement of resi- 
dua l  stresses. 

The method of i n v e s t i g a t i o n  i s  based on t h e  use  of 

Apart from t h i s  fundamental aspect  of t h e  present  i nves t iga t ion ,  

I n  Chapter I t h e  a n a l y t i c a l  theory i s  given f o r  t h e  s t r e t ched  p l a t e .  The 

The boundary condi t ions  a t  t h e  ho le  l ead  t o  an in-  
The s o l u t i o n  

s o l u t i o n  i s  found by means of a superpos i t ion  of plane stress s o l u t i o n s  and 
three-dimensional so lu t ions .  
f i n i t e  system of equat ions f o r  t h e  c o e f f i c i e n t s  of superpos i t ion .  
of t h i s  system is  approximated by t runca t ion  t o  a f i n i t e  system. I n  t h e  case 
of a very t h i n  p l a t e ,  t h e  threedimensional  s o l u t i o n  becomes a pe r tu rba t ion  of 
t h e  p lane  stress so lu t ion .  It i s  then poss ib le  t o  g ive  t h e  asymptotic develop- 
ment f o r  the c o e f f i c i e n t s .  

The component s o l u t i o n s  used are derived from t h r e e  harmonic s t ress-func-  
I n  t h e  appendix t o  Chapter I a proof is given f o r  t h e  completeness of t i o n s .  

t h i s  system of stress func t ions  f o r  a c l a s s  of regions including t h e  one under 
cons idera t ion .  

I n  Chapter I1 t h e  numerical  r e s u l t s  f o r  t h e  case of s t r e t c h i n g  are given 
corresponding t o  a va lue  of 0.25 f o r  Poisson 's  r a t i o .  

The more important r e s u l t s  are shown i n  t h e  f i g u r e s  2 t o  9.  I n  most of 
obtained by Green f o r  t h e  t h e s e  f igires  t h e  r e s t i l t s  are compared with those 

case B = 1, where B is  the  r a t i o  of t he  d i a m e t e r  of t h e  hole  t o  t h e  p l a t e  thick-  
nes s .  
t h e  mean v a l u e  a 
i s  given as a func t ion  of B .  

s i d e r e d  as a measure of t h e  devia t ion  from t h e  p lane-s t ress  and t h e  p lane-s t ra in  
s ta te .  

u r e  3.  
t h e  i n t e r p r e t a t i o n  of t h e  r e s u l t s  obtained with t h e  Mathar-Soete-method. I n  
F igu re  4 t h e  stress o 

z f o r  several va lues  of B .  

I n  gene ra l  t h e  two computations show very good agreement. I n  Figure 2 
of t h e  normal stress ac t ing  perpendicular  t o  t h e  p l a t e  f aces  

Z 

The value of a given i n  t h i s  f i g u r e  can be con- 

The dependence of o z ,  f o r  B = 1 on t h e  r a d i a l  d i s t ance  i s  shown i n  Fig- 

From t h i s  graph some conclusions can be  drawn which are of i n t e r e s t  f o r  

z y  

i t s e l f  is  given as a func t ion  of t h e  th ickness  coordinate  
z 

It can be  seen t h a t  a t  B = 1 / 2  t h e  va lue  of oz a t  
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t h e  middle p lane  agrees  approximately w i t h  t h e  va lue  of t h e  p lane  s t r a i n  solu- 
t i o n .  The maximum value  of u which occurs a t  t he  middle p lane  i s  shown i n  

Figure 5 as a func t ion  of 1 / B .  
u a t  t h e  hole .  Figure 6 gives  t h e  mean va lue ,  Figure 7 t h e  va lue  a t  t h e  f aces  

of t he  p l a t e ,  and Figure 8 t h e  va lue  a t  t h e  middle p lane ,  a l l  as a func t ion  of 
6. I n  Figure 9 t h e  d i s t r i b u t i o n  over t he  th ickness  i s  shown. Of p a r t i c u l a r  
i n t e r e s t  are t h e  r e s u l t s  of Figure 7 from which i t  can be  seen t h a t  t h e  stress 
concentrat ion a t  t h e  boundary d i f f e r s  by more than 10% from t h a t  given by clas- 
s i ca l  theory.  

2’ 
Figures 6 t o  9 r e f e r  t o  t h e  t a n g e n t i a l  stress 

9 

I n  Chapter I11 t h e  a n a l y t i c a l  theory of bending of p l a t e s  i s  given. Spec- 
i a l  a t t e n t i o n  is  paid t o  t h e  case of the  t h i n  p l a t e ,  and the  r e l a t i o n  of t h e  
present  r e s u l t s  t o  those  based on t h e  theory of Reissner i s  discussed extensively.  

The numerical  r e s u l t s  f o r  t h e  case of bending are given i n  Chapter I V .  
I n  Figure 11 t h e  most i n t e r e s t i n g  stress, t h e  t a n g e n t i a l  stress u a t  t h e  edge 

$ 
of t h e  hole ,  i s  shown as a func t ion  of B .  Comparisons are made wi th  t h e  cor- 
responding r e s u l t s  obtained by Goodier and by Reissner .  Figure 12 d i sp lays  
t h e  B-dependence of t he  t a n g e n t i a l  moment M It i s  apparent from t h e  com- 

par i son  wi th  t h e  theory of Reissner ,  t h a t  t h i s  theory g ives  a very good approxi- 
mation f o r  t h e  s t r e s s - r e s u l t a n t s ,  bu t  by no means f o r  t h e  stresses themselves. 

9 ’  

Chapter V d e a l s  with app l i ca t ion  of t h e  genera l  theory presented he re  t o  
t h e  Mathar-Soete method of eva lua t ion  of r e s i d u a l  stresses. The e f f e c t  of t h e  
p l a t e  th ickness  on t h e  eva lua t ion  of t h e  s t r a i n  gauge readings i s  discussed i n  
some d e t a i l .  The main r e s u l t s  are as follows: 

(a )  f o r  t h e  case of s t r e t c h i n g ,  t h e  e f f e c t  of t h e  th ickness  i s  not  very  
important i n  p r a c t i c a l  ins tances ;  

(b) f o r  t h e  case of bending, t h e r e  i s  a s t rong  e f f e c t  of t h e  th ickness ,  
as can be  seen from Figure 1 4 ,  where t h e  thickness-dependent p a r t  of 
t h e  r e s i s t a n c e  devia t ion  has been shown f o r  a very narrow strain-gauge 
i n  t h e  f i r s t  approximation; 

(c )  t h e  e f f e c t  of t h e  width of t h e  strain-gauge i s  very important s o  that 
a su r face  i n t e g r a t i o n  over t h e  strain-gauge i s  necessary.  
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